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ABSTRACT. Let L and N be two smooth manifolds of the same dimen- 
sion. Let j: L — > T*N be an exact Lagrange embedding. We denote the 
free loop space of X by AX. In [TO], C. Viterbo constructed a transfer map 
(Aj) ! : H*(AL) -> H*(AN). This transfer is constructed using finite reduction 
of Floer homology. In this paper we define a continuous family of finite reduc- 
tions that makes it possible to realize this transfer as a map of Thorn spectra: 
(Aj)i: (AN)~ TN — > (AL)~ TL+? ', where r] is a virtual bundle classified by the 
tangential information of j. 

Contents 



1 Introduction and Statement of Results [l| 

2 The Homotopy Index 

3 The Action Integral in Cotangent Bundles H 

4 Finite Reductions of the Action Integral in Cotangent Bundles for a 
Hamiltonian Linear at Infinity 



5 Generalized Finite Reductions |21 

6 Stabilization of Generalized Finite Reductions H 

7 The Maslov Bundle and Index of Finite Reductions \E. 

8 The Viterbo Transfer as a Map of Spectra H 

Bibliography [4 



1 Introduction and Statement of Results 

Let L and N be closed, n-dimensional, smooth manifolds, and let n : T* N — » N 
be the projection. The Liouville form (or canonical 1-form) A is defined by 

X q , p (v) =pM«)), 9 G N,p e T 9 *A> G T,, p (T*7V). 
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The 2-form u = dX is non-degenerate and thus defines a canonical symplectic 
structure on T*N. An embedding j: L — > T*A is called Lagrange if j*u> = 
dj* X = and exact Lagrange if j*X is exact. We assume from now on that 
j is an exact Lagrange embedding. The trivial examples of such embeddings 
are those which are Hamiltonian isotopic to the zero section. To this day no 
non-trivial examples have been found, and the nearby Lagrangian conjecture 
states that there are no other. 

Resently there has been much progress in this area. Specifically in |9J and [5J 
it is proven, independently and in different ways, that under certain conditions 
j is a homology equivalence. However, there is still the general case, and there 
is a big step from being a Homology equivalence to being Hamiltonian isotopic 
to the zero section. 

We denote the free loop space of a space X by AX. In [10], Viterbo con- 
structs a transfer map (Aj) ] on cohomology, such that 

H*(AL) -^Uh*{AN) 



H*(L) (7r0j) ') H*[M) 

commutes. Here (ttoj) ! is the standard transfer map on cohomology, Evo is the 
evaluation at base point, and i is the inclusion of constant curves. In this paper 
we call this map the Viterbo transfer. Viterbo uses this transfer as obstruction 
to the existence of exact Lagrange embeddings. 

Because j: L — ► T* N is Lagrange we get a Maslov class in This 
defines a map AL — ► Z called the Maslov index, and it turns out that the 
Viterbo transfer is graded on each component by this Maslov index. We prove 
the following theorem in this paper. 

Theorem 1 . The Viterbo transfer can be realized as a map of spectra 

(Aj)r. (AN)- TN -> {AL)- TL+ \ 

where r\ is a virtual bundle classified by the tangential information of the em- 
bedding j: L —>■ T* N , and the local dimension of rj is the Maslov index. 

In the original construction by Viterbo, the Thom isomorphism is used on 
what turns out to be the virtual bundle —TL + rj. However, 77 is not necessarily 
oriented, but if we assume (no j): L — ► N to be relative spin, it will be. This 
is part of the conditions in |9J and |5J. In fact, they assume that both N and 
L are spin and that the Maslov class vanishes. This implies that the virtual 
bundle 77 is zero dimensional and oriented. In fact, if we also assume that L and 
N are simply connected, one can prove that the Viterbo transfer is a homotopy 
equivalence of spectra, putting restrictions on 77. This may yield new insight 
into the situation, but for now we only construct the transfer. 

The rest of this section is devoted to giving an overview of the construction 
using finite reductions of Floer homology. 

Outline of proof of Theorem 1: The actual construction does not use 
Floer homology. It is, however, very illuminating to sketch the relation. This 
relation also justifies considering the spectra constructed as representations of 
the stable homotopy type of Floer homology in cotangent bundles. 
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For any Hamiltonian H : T*N — > R we define the action integral 

A H : AT*N -► K 

by the formula 

A H (7) = / A-ifdt. 

In this paper we will always have H(q,p) = ii\\p\\ for large ||p|| , where li is not a 
geodesic length. Floer homology FH*(T* N, H) is essentially Morse homology 
of Ah perturbed on the infinite dimensional manifold AT*N (see e.g. [T]). The 
linear at infinity case can be calculated to be 

FH*(T*N,H)^ ff,(A"JV), (1) 

where A M 7V is the space of curves with length less than \x. Define T*A r N as 
the cotangent space of the manifold of r-pieced geodesies each of length less 
than some e. The finite reductions we define in this paper can be constructed 
in the following way: for large r we define embeddings: 

i r : T*A r N -> AT* TV, 

satisfying: 

• The image of i r contains all critical points of Ah 

• The composition A r = Ah ° i r has no other critical points than those 
from Ah 

• There is a "consistent" way of doing Morse theory for A r on T*A r N and 
creating a space Z such that the homotopy type of this space does not 
change under small compact pertubations of H. 

In the actual construction, we use the theory of homotopy indices described in 
section [2 but for the purpose of this overview, one may think of A r as a Morse 
function, and thus think of Z as a cell complex with one cell per critical point. 

In section |4] we explicitly define a function A r as above and prove that Z is 
homotopy equivalent to the Thom space 

Th(TAJfiV) = (A?N) TA ? N = D (TAfjtN) / S(TA%N) , 

where At^N is the manifold of piecewise geodesies, with r pieces each having 
length less than fi/r, and where £>(•) is the disc bundle, and S(-) the sphere 
bundle. This was already proven by Viterbo in [10], but because we have an 
explicitly defined A r , we can prove it more directly. Using the Thom isomor- 
phism, this is consistent with equation (Q]). 

Because j: L — * T* N is a Lagrange embedding, we can use the Darboux- 
Weinstein theorem to extend j to a symplectic embedding of a small neighbor- 
hood of the zero section in T*L. Using this neighborhood and the fact that j 
is exact, we can adjust H such that all the critical points of A r with critical 
values above c, for some c, are curves inside the neighborhood of L. In fact, 
in the small neighborhood of L minus an even smaller neighborhood of L H 
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will be defined to be linear with some slope Hl- We now define Zl to be the 
complex defined by the quotient of Z by the subcomplex Y defined by those 
cells associated with critical points with critical value less than c. 

If we were to go through the above construction for H restricted to the 
neighborhood of L using the cotangent bundle structure of T*L, we would get 
a space Z' L which would be homotopy equivalent to Th(TA{f L i). However, the 
construction of A r highly depends on the vertical Lagrangian foliation in T*N, 
and in the small neighborhood of L the two foliations differ. 

This means that in general Zl and Z' L are not the same space, and to 
calculate Zl we define a continuous family of finite reductions Af,, where s is 
a section in the bundle. 

AC(T(T*L)) -> AT*L. 

Here T(T*L) -> T*L is a symplectic bundle and C{T(T*L)) -» T*L is the 
associated fibration of Lagrangian Grassmanians. I.e. the fiber of the above 
fibration is AC(n) ~ A(U(n)/0(n)). 

In the neighborhood of the zero section of L, we have two canonical sections 
of this bundle: ASl, where Sl is the section in C{T(T*L)) which to a point 
associates the vertical directions w.r. to L, and similarly ASn- The construc- 
tion of A s r is such that the space Zl does not change when perturbing s. This 
implies that if ASl and ASn where homotopic, we would in fact get that Zl 
and Z' L are homotopy equivalent. However, as mentioned before this is not the 
case in general 2 . 

If they are not homotopic we stabilize by adding trivial factors and get 

A s®R k . T*A r (N x K fe ) = T*A r N x (M 2fe ",w ) -» K- 

The space we get from our construction in this stabilized case is a suspension 
of Zl- This is due to the fact that this function is just a constant quadratic 
term in the second variable R 2fen . It is now a homotopy theoretical fact that: 
although ASl and ASn are not homotopic we can homotope ASjv©R fc to take 
the form ASl © J*, where J* : AT*L — > AC(k) is a curve of Lagrangians in 
R 2n dependant on the actual curve in the neighborhood of L. It is still true 
that A^ Sl(SJ * is quadratic in the second variable, but this quadratic form is no 
longer the same for different choices of the first variable. We can now calculate 
that 

Y}Z L ^ Th(TA^ATeC) 

where ( is the negative eigen bundle of the quadratic form depending on J* . 
All in all we have that the collapse map is a map of Thom spaces 

Th(TA%N © R l ) ~ Z -> X/Y = Z L ~ Th(TA^£ © Q. 

This was also noticed by Viterbo, except here we actually give an explicit 
discription of £• Using that L is Lagrangian, we get that (it o j)*TN ® C ~ 
TL®C and thus 2(noj)*TN = 2TL. We can use this to remove all but one of 



2 unless the nearby lagrangian conjecture is true, but we can of course not assume that. 
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the tangent spaces on both sides (a technical fact makes the above calculation 
true only for r odd). We get a map 

Th(Ev* TN © K w ') -> Th(Ev* TL © R 1 ' © Q, 

where Evo is evaluation at the base point. This can also be written as 

Z l+l '(A>tN) TN -> E r (A^L) TiffiC . 

If we choose to to remove two extra copies of the tangent bundle on both sides 
and write C = R ( © "H, where rj is a virtual bundle, we can write this as a map 
of Thorn spectra: 

(A?N)- TN -> (A^L)- Ti+ ". 
Letting r and fi go to infinity we get the map 

(AN)- TN -> (AL)- TL+ \ 

The reason why we write it like this is that the left hand side is a ring spec- 
trum with the Chas-Sullivan product (see [3]), and in an opcomming paper 
we will prove that the right hand side is also a ring spectrum with at twisted 
version of the Chas-Sullivan product, and that this transfer is a ring spectrum 
homomorphism. 

2 The Homotopy Index 

This section is based on [I]. The theory has, however, been reformulated to 
suit the purpose of this paper. 

Let M be a smooth open manifold, and let / : M — > M be a smooth func- 
tion. A pseudo-gradient X for / is a smooth vector field on M such that the 
directional derivative X(f) is positive at non-critical points and X = at crit- 
ical points. The choice of a pseudo-gradient is a contractible choice because a 
convex combination of pseudo-gradients is a pseudo-gradient. We will denote 
the flow of —X by ipf. 

Let a and b be regular values of / which are isolated from the critical values 
of /. We wish to define the homotopy index I^(f,X). In [4] this is called the 
Morse index, but we adopt the name homotopy index to avoid confusion. 

Definition 2.1. An index pair (A,B) is a pair of subspaces of M satisfying 
the following properties 

II: Be Ac / -1 ([a,6]). 

12: A and B are compact. 

13: int(A) contains all critical points of / with critical values in (a, 6). 

14: There is a function c: A — * [0, oo] such that for all x £ A we have 
{* > | VtO) £ A} = [0,c(x)] and {t \ ij} t {x) G B} = {c(x)} n [0,oo[. 

When such index pairs exist we define the Homotopy index 

I b a (f,X) = [A/B], 

where [— ] denotes homotopy equivalence class. If X = V/ we write /„(/). 
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This is slightly different from [4], but we use this definition for simplicity. 
Note that it can be shown that the function c in 14 is continuous. B is called 
the exit set. 

The following lemma shows that the homotopy index does not depend on 
the choice of index pair (A, B). 

Lemma 2.2. I%(f,X) is well-defined. 

Proof: If (A, B) and (A',B') is any pair of index pairs, we construct the 
intersection pair as follows 

B" = (BU B') n(An A') 
A" = (An A'). 

This is an index pair with c"(x) = min(c(x), c'(x)), thus reducing to the case 
where A and B are subsets of A' . 

Given any index pair (A, B), we can by using the flow ipt create new index 
pairs 

A 2 = MA) 
B 2 = ipt{B) 

provided we stay within / -1 ([a, b]). Being careful, one can choose t as a func- 
tion of points in A and still get homeomorphic pairs. If B is not a subset of 
B' , the function cj B is not the zero function, and we can use the flow and the 
function c' to get the index pairs into a position where B C B', thus reducing 
to Ac A' and B c B' . 

Because (A\JB')/B' ~ A/B, we can replace (A, B) with (AL)B',B') which 
is a new index pair. This further reduces to the case (A, B) C (A' , B). 

For any index pair (A, B) we can define a "flow" P t : A — » A by 

P t (x) = tp m in{t,c{x)){x)- 

This map flows the set {x \ c(x) < t} into B. In particular it fixes B. This 
gives us a new pair (P t (A), B) with an equivalent quotient. In fact, the induced 
map 

P t : A/B -> A/B 

is homotopic to the identity. In our case, the flow Pt for the small pair is the 
restriction of P[ for the large pair. 

Since A' — A is compact and X^ A ,_ A is non-zero, it has a lower bound, and 
we can thus find to > such that P( (A') C A. This defines a homotopy 
right inverse to the inclusion from A/B to A' / B. Doing the same for the pairs 
(Pl o (A'), B) C (A, B) gives a homotopy right inverse to this map. □ 

We will need the concept of a good index pair (A, B). The definition uses 
a Riemannian metric on M, but does not depend on it. 

Definition 2.3. An index pair (A, B) is called good if B C / _1 (a) and if there 
is an e > such that when sup peA \\X p — X'\\ < e then the flow defined by 
— X' exits A only through B. 
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This, together with an assumption on the critical points, will ensure that 
perturbing the data involved in defining the homotopy index does not change 
the homotopy index. 

Lemma 2.4. Let f s , s € I be a homotopy of smooth functions, and X s ,s G I 
a homotopy of vector fields such that X s is a pseudo-gradient for f s . Let a, b 
be regular values isolated from the critical points for all f s . 

Assume that for all sq G I we have a good index pair (A SQ ,B So ) defining 
Ia(fs , X So ) and an e > such that mt(A So ) contains all critical points of f s 
with critical value in (a, b) for s G [sq — e, sq + e] . Then 

I b a (f ,X )=I b a (fi,X 1 ). 

Proof: Given sq, we wish to prove that the good index pair (A, B) = (A So ,B So ) 
is an index pair for I b (f s ,X s ) when s is sufficiently close to sq- However, this 
is not possible because we cannot be certain that II is satisfied. Because a and 
b are isolated critical points, we can replace a and b by a — S and b + S for some 
small 5 without changing the indices. Now II is not a problem. 

12 is obvious and 13 is part of the assumptions in the lemma. Since the 
good pair assumption makes sure that we only exit A through B, we only need 
to prove that for any point x in B we have {t > | ipf ( x ) *= ^} = {0} an d 14 
will follow. This is equivalent to proving that the flow does not return to A 
when exiting. 

Since — X Sg (f SQ ) restricted to B is negative, the same is true for — X s (f s „) 
for s close to sq, and thus we can find 5 > such that / So (V , t(p)) is strictly 
decreasing for t G [0, 6] and p € B SQ . Because f So (B) = {a} and f So (A) C [a, b] 
we get for p G B and t G (0, S] that tpf (p) is not in A and there is an e > 
such that /s (V'!(p)) < a — e. This implies (for s possibly closer to sq) that 
f s (ipg(p)) < a — e/2. We can similarly assume that f s (A So ) > a — e/3, so 
the flow for — X s has exited B So and will not return to A So because it is a 
pseudo-gradient for f s . □ 

As the following lemma shows, there is a way of producing good index pairs 
by using what we will call cut-off functions. 

Lemma 2.5. Assume that M has a Riemannian metric and that there exists 
non-negative functions gi, g2, ■ ■ ■ , g n '■ M — > R and constants Si < t\,S2 < 
t2, ■ ■ ■ ,s n < t n such that 

A = f-\[a,b]) n {x G M | 9j (x) < Sj + t -L^( b -f( x ))} 
B = f- 1 (a)nA 

are compact and the interior of A contains all the critical points o//|( ,b)- If 

-X x ( 9j ) < tj ^X x {f) (2) 
for all x G dA which satisfy 

g j (x) = s j + t -^-(b-f(x)), 

then (A, B) is a good index pair. 
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We will use this lemma repeatedly. In some cases when X = V/ we will 
prove 

H V ffjll < £ F^ L II V /II) which implies ©. Often © will be proven on 
much larger sets than needed. 

Proof: At any point x € dA we must have f(x) — b < and 

g j (x)-s j - t -^(b-f(x))<0 

satisfied. The assumptions in the lemma and the fact that X is a pseudo- 
gradient ensure that for any vector v close to X x we have: if any of these 
inequalities is an equality then the directional derivatives of the left hand side 
in direction —v is negative. So —v points into A, except if the equality f(x) = a 
is satisfied in which case — v must point out of the set. The boundary is compact 
so there is an e > such that this holds for all v and all x if \\v — X x \\ < e □ 

Some very important aspects of homotopy indices are the natural inclusion 
and quotient maps 

i:I b a {f,X)^I c a {f,X) 
q:I c a (f,X)^IZ(f,x) 

where a < b < c. These maps are constructed as follows. If (A, B) is an 
index pair for I£(f,X) then (^4n/ _1 ([a, b]), Bn/ _1 ([a, b] j) is an index pair for 
I^(f,X), and the inclusion is the obvious one. Similarly, (A n / _1 ([6, c]), A n 
f~ 1 ({b})UB(~}f~ 1 ([b,c])) is an index pair for I§(f, X), and the quotient is the 
map collapsing the set (An /~ 1 ([a, b]))/B. 

3 The Action Integral in Cotangent Bundles 

All parts of this section are well-known, but the methods are vital to the 
construction, and we need to introduce the notation anyway. 

Let TV be a smooth n-dimensional manifold. We denote points in the cotan- 
gent bundle T*N by (q,p), where q is in N and p is a cotangent vector. Let 
7r: T*N — > N be the projection onto the base and define the canonical 1-form 
A 6 r2 x (T*iV) and 2-form w G Vt 2 (T*N) by 

\, P {v) = p{n*(v))uj = dX. 

The form oj is non-degenerate and thus defines a canonical symplectic structure 
on T*M. 

Given any smooth Hamiltonian H : T*N — > K, we can define the associated 
Hamiltonian vector field Xh by the formula dH — u>(Xh,—)- This is well- 
defined because uj is non-degenerate. The flow of Xh will be denoted (fit and 
is called the Hamiltonian flow. 

Given any metric on N we can induce a metric on T*N in the following 
way: at each point (q,p) we split the tangent space T( q ^(T* N) in two compo- 
nents, the vertical, which is canonically defined without the metric as the fiber 
directions, and the horizontal defined by the connection given by the metric 
on N. This identifies T^ v yT*N with T q N ® T*N, on which we use the metric 
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from M to define the inner product on each factor - making this splitting or- 
thogonal. We can also define an almost complex structure J in this splitting 
by using the isometry 4> q : T q N — ► T* N induced by the metric on ./V 

J(Sq,5p) = (-rHSp),^)). 

This is compatible with the symplectic structure and the induced metric. The 
formula for Xh can be rewritten using this metric and almost complex structure 
as 

X H = -JVH. (3) 

Let AM be the space of piecewise smooth and continuous maps from S 1 to M. 
The action A H : AT* TV -> E is defined by 

A H (y)=[\-[ H{ 1 {t))dt= f(X-Hdt). 
J~i Js 1 Jj 

It is known that the critical points of this integral are precisely the 1-periodic 
orbits of the Hamiltonian flow (a calculation in the following section proves 
this). 

For a moment we look at the special case in which H only depends on the 
length of the cotangent vector - that is 

H(q,p) = h(\\p\\), 

where h: M — > K. For H to be smooth there are some restriction on the 
deriviatives of h at 0. 

In this case we calculate the gradient of H in the orthogonal splitting: 

VH = (0,ti(\\p\\)p) 

We get in the first factor because parallel transport does not change the norm 
of p. Using equation (J3j) we see that 

x H = -j(o,h'(\\p\\) P ) = (fc'dblD^GO.o) = (/>'(», o). 

As hinted, from now on we will suppress <f> from the notation. 

Remark 3.1. Because this vector field is on the last factor, it will parallel 
transport p and hence this becomes a reparametrization of the geodesic flow 
on N. This describes the 1-periodic orbits as closed geodesies on N with 
lengths corresponding to The action of these orbits is calculated to be 

II-PII^'GIpII) ~ MIND- This corresponds to taking minus the intersection of the 
y-axis with the tangent of h at the point (x, h(x)) as in figure[l] This geometric 
formula for calculating the action is very useful for this type of Hamiltonian, 
and will be used repeatedly. 

4 Finite Reductions of the Action Integral in Cotangent 
Bundles for a Hamiltonian Linear at Infinity 

This section is inspired by work in [TD] and [2], which use the broken geodesic 
approach to do what Floer homology later did more generally. We will define 
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(xh'{x)-h(x))^ 




x 



Figure 1: Geometric calculation of critical values. 



finite dimensional reductions of the action integral in cotangent bundles, and 
compute their homotopy indices. This is the approach used by Viterbo to 
construct his transfer in [10]. He uses the theory of generating functions, but 
we will more explicitly construct the functions and obtain more control over 
the homotopy indices. 

We assume that N is a closed manifold with a Riemannian structure and 
an injective radius 2e - On T*N we have the induced metric. We also assume 
that H : T*N — > R is a smooth Hamiltonian with the following property: there 
exist R, /i,c £ R, \i not a geodesic length, such that H(q,p) = ^||p|| + c when 
\\p\\ > R. The Hamiltonian flow of H is denoted ipt. 

We assume that C\ > \i is an upper bound for ||Vi?|| on all of T* N, and 
C2 is an upper bound for the norm of the covariant Hessian || V 2 -ff || on the set 
T^N = {(q,p) G T*N I ||p|| < R}. We define the space of piecewise geodesies 
as 



We will denote a point in this space by z = (~q, ~j>), and a single coordinate 
by Zj — (qj,pj) S T*N. These two spaces are given the product Riemannian 
structures from N and T*N. 

We will define functions resembling Ah on T*A r N having the same critical 
points (the 1-periodic orbits) with the same critical values, and we will prove 
that for r large enough these functions admit good index pairs. In section [5] 
we will define generalizations of these, and in remark [5751 we explain how they 
can be constructed using embeddings i r : T*A r N — » AiV as explained in the 
overview in the introduction. 

Definition 4.1. For Ci/r < Eq/3 we define 



where dist( 



A r N = {(qj) je z r e N r I dist^j.^+x) < e }, 
— , — ) is the distance in N. This implies 
T*A r iV = {{q^Pi)^ e (T*N) r \ distfe, q j+1 ) < e }. 




where jj : [0, l/r] T*N is the curve jj(t) 
(.qJ,Pj) = <Pi/r{qj-i>Pj-i) and 



e, 



exp-i^JeT q -N, 



with exp: TN — > N the exponential map. 
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The term pje qj is the pairing of cotangent vectors with tangent vectors. 
This function is well-defined because C\/r < So implies that the distance be- 
tween q~ and qj is less than 2eq- It is for later reasons that we assume the 
stricter inequality C\/r < So/3. Notice that if \\pj\\ > R, then pj + i is the par- 
allel transport of pj by a geodesic in the direction of pj, and thus = 
(see the previous section for details). 

When evaluating the function A r on an r-pieced dissection of a 1-periodic 
orbit, we see that the last term vanishes because the 7/s fit together to a closed 
curve. So A r equals the action integral on such a curve. 

Before the next lemma we need a few more definitions and a few abbrevia- 
tions. Consider the commutative diagram of isomorphisms 



T q N ■ 



T*N 



-> T q >N 



Fq,q ') T*,N. 



The isomorphism <f> is the one induced by the metric, which we suppressed 
from the notation in the previous section. We will do so again. The functions 
Pq.q' = Pq q i are parallel transport along the unique geodesic connecting q and 
q' when dist(g, q') < 2e - We use P q , q - to define 

both e q . and e Pj are vectors in the (co)tangent space at q~ . We can parallel 
transport any vector in the (co)tangent space at q~ to the (co)tangent space at 
qj and qj-i- The resulting vectors will by further abuse of notation be denoted 
the same. So e.g. for e Pj this means 

£pi = Pj - Pj = Pj - P q ; , Qj (Pj ) e T ij N 

and 

^ - ^ - pj = p q - (pj - p«»j (pj)) e t :^ n - 

We also define P = maxj(\\pj\\). 

Lemma 4.2. There exists a constant K 1 > which is independent of r, C\ 
and C2 such that for K — K'(Ci + C±) we have 

||V 93 .A r + £p .|| <Kmax(R,P)(\\e qj \\ +||e,, +1 ||) 
K 

W^PjAr - E q] + 1 I < — + 

where V 9j .A r (BW Pj A r — V Zj A r is the gradient with respect to the jth component 
in T*A r N. Furthermore, for r > K the only critical points of A r are the r- 
pieced dissections of the 1-periodic flow curves for the Hamiltonian flow. 

Note that the r-pieced dissections of the 1-periodic orbits correspond to the 
points where s qj = e Pj = for all j. 
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Proof: We start out by considering one of the integration terms. In the 
following #7j is a variation of the curve 7j (a tangent field along 7j ) . 

V(/ X-Hdt)(Sjj) 
hi 

,1/r 

Jo 

=hj P {t)5 ljq {t)\y r + (' -l' jp {5l jq ) + (5j jP W jq - V Jj{t) H(6 7j (t))dt 
Jo 

Air 

= -p j Sq j +pj +1 6qJ +1 - {Ji {t)+V lj(t) H){5 lo (i))dt (4) 

Jo 

= -p j 5q j +pJ +1 SqJ +1 

The integral vanishes because jj is a flow curve, and thus 7j(i) = — </V 7j .( t )iJ. 
This is a standard calculation, and it is also a proof that the 1-periodic orbits 
of the flow Xh are the critical points of the action integral. 

Our function depends on (qj,Pj),j £ Z r , but it is convenient to continue for 
a while calculating the gradient as if the function depended on both (qj,Pj)jez, r 
and (qj ,pj)j e z r as independent variables. Formally we define 

T*A[,N = {{qj,Pj,qJ,pj) G T*N 2r \ distfe, </7) < 2e ,dist(g7,< Zj . +1 ) < 2e }. 

We have an embedding 

l: T*A r N -» T*k' r N 

defined by setting (qj,pj) = <Pi/ r {qj-i,Pj-i) for all j. 

We wish to extend the function A r to a function A' r defined on T*A' r N, and 
calculate the gradient of A' r on the image of t. So, for each point (q, p, q~ ,p~) in 
T*N 2 with dist(g,q~) < 2e , we choose a curve connecting (q,p) with (q~ ,p~), 
such that if <Pi/ r {q,p) = {q~ ,P~) then we chose the flow curve <ft(q,p) used 
in the definition of A r . By integrating over the chosen curve, we extend the 
definition of the integration term of A r to T*A' r N. The calculation above shows 
that the gradient of this term on the image of i does not depend on the choice 
of curves, and we have in fact already calculated it. 

The second term we extend simply by using the same expression 

^pTcxp- 1 ^). 

3 

So we need to calculate the gradient of the function 

f(q,q-,p-) =p- cxp-}(q) =p~E q , q&N,(q-,p~) G T*N. 
One of the components is obvious: 

however, when moving q and q~ we get some interference from the curvature 
of TV. Assume that ||p~|| = 1. If e q = we see that 

v,-/ = - P - 

V,/=p". 
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So by compactness we can find k > such that 

||V,-/+p-||<fc|| e ,|| 
||V 9 /-j)"|| < fc||e ? ||. 

Here we have used the abuse of notation discussed just before the lemma to 
define p~ as a tangent vector at q. Using that f(q, q~ , sp~) = sf(q, q~ ,p~) we 
get a bound in the general case: 

l|v,-/+ P -|| <*ib-||ik,n 
l|v,/-p-|| <fc|b-|||k g ||. 

Adding the two terms of the gradients we obtain 

v <™-,p;4- = (" e « + b °(fc|b7lllk 9 JI),o,bo(fc|b7|||| e? j|),^), (5) 

where the notation bo(c) means some term bounded by c, i.e. a = b + bo(c) is 
equivalent to \\a — b\\ < c. 

If H = we have (qj ,pj) = (qj-i,pj-i), and the gradient is just the sum 
of the two components: 

V gj , Pj A r = (-e Pj +bo(fc(||pj||||e 9j || + ||pJ +1 ||||e 9 , +1 ||)),e w+1 ). 

However, if H is non-zero we need to understand the differential of the function 

tpi/r, and use that for v e T qjtPj (T*N) 

v(A r ) = (D q ^ Pj (l&x Vl/r )(v))(A' r ). (6) 

Assume (q~,p~) = <pi/ r (q,p). We would like to compare D qiP ipi/ r to the 
parallel transport of (co)tangent vectors from q to q~ used in defining e qj+1 at 
T qj N. That is, by using the splittings 

T q:P T*N = T q N © T*N, T q - >p - T*N — T q -N ® T*_ N 

and the parallel transports we define 

rp _p (t) p* -T T*N—>T T*N 

First consider the compact set T^N. On this set we have \\D qtP ip 1 / r — T q , p \\ < 
k 2 /r for some k 2 . The question is how k 2 depends on C\ and C 2 . Take a 
normal neighborhood of (q,p) (this identifies the tangent spaces locally). In 
this, T qtP is C\kz/r close to the identity because the length of the flow curve 
is less than C\/r, and therefore k^ only depends on the metric on the compact 
set ||p|| < R. On the other hand, we have D qtP ip 1 / r is also close to the identity, 
but how close depends on the first order derivatives of Xh = — JVH, which is 
the vector field defining the flow ip t . This is bounded in the normal chart by 
C\C\ + c 2 C 2 , for some c 2 depending on the metric and some c\ depending on 
how parallel the complex structure is. We conclude that k 2 can be chosen as 
some constant times (Ci + C 2 ). 

On the rest of the cotangent bundle we will get a bound using the action 
of M. + given by t(q,p) = (q, tp) and the fact that 



T q . p = T q . tp and tp 1/r (q,tp) = t<p 1/r (q,p). 
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The latter only applies when \\p\\ > R and \\tp\\ > R, because this is where H 
has the special form ^||p|| +c. Let at(q,p) — (q,tp). Then the differential of at 
in {q,p) splitting is 



Dq,pQ-t 



Id 
tld 



So by decomposing 

<Pl/r(q,P) = (\\p\\/R)fl/r(q, {R/\\P\\)P) = a \\p\\/R ° <Pl/r ° a i?/||p|| 

whenever > R, and using the bound we already have on the compact set 
p < R, we get the bound 



bo(^) bo( k f£ n ..J 

V r / V r max if., \\v\\ ) ' 



^ r max(i?„||p|| ) 

bo( fam ^ M) ) bo(£) 



for all (q,p) £ T*N. Using equations ©, (6]) and $7$) together with 



(7) 



max(i?, 
we get the estimates 

V ?J A = {-e Pj + bo(Kme^(R,P)(\\e qj \\ + ||^ +1 ||))) 



V Pj A- = (e,. +1 +bo(— ||e 9j+1 ||)) 



with K some real number proportional to &2 • This proves the first part of the 
lemma. 

The last part of the lemma is simple: assume < 1, then V Pj A r is zero 
if and only if e qj+1 is zero, and having that for all j we can conclude the 
same for V qj A r and e Pj . So the critical points are exactly the ones where 
lie* II = IM = ^ all j. ' □ 

The function A r with its gradient does not necessarily have index pairs, 
but we define a pseudo-gradient X with which it does. On the set where 
maxj ]\s qj | < £o/4 we use the gradient of A r , and on the set maxj||e gj || > Eq/3 
we keep the non-zero p-component of the gradient of A r , but use as the 
g-component. In between we use some convex combination of them. So 

X-VA r > ||X|| 2 >^||V Pj A r || 2 , (8) 

3 

and as we only made X different from the gradient on a set where this is 
non-zero, it is indeed as pseudo-gradient. 

Lemma 4.3. Let a and b be regular values of A r , and let K be as in the previous 
lemma. If r > K then (A r ,X) has a good index pair, which will contain all 
the critical points of any A r coming from a small C 1 -perturbation of H fixing 
H on the set where \\p\\ > R. Furthermore, if X 1 is another pseudo-gradient 
such that X ^ X' is contained in something compact, it will not change the 
homotopy index. 
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Proof: We will need a global lower bound for \\X\\ on the set where P > 
2R. First we prove this on the set where X ^ VA r . Here we have some 
||e qj || > £o/4, and from the previous lemma we have ||X|| > (1 — K/r)\\e qj \\ > 
(1 - K/r)e /A. 

So now we look at the case where X = \7A r . We will get a lower bound if 
we show that there exist k\, k 2 € M+ such that if G p = ^2j\\V Pj A r \\ < k\, then 
G q = EjHV w A r || > k 2 . Define 

3 3 

The statement can, because of the approximation of \7 Pj A r in the previous 
lemma, be reduced to: there exist k\,k 2 such that L q < k\ implies G q > k 2 . 
This is the statement we will prove. 

Define P = mm.j\\pj\\. There are no 1-periodic flow curves on the compact 
set R < \\p\\ < 2R, so there must exist < c < 1 such that L q + L p > c 
for curves with all Zj's contained in this set. Claim: fci = min(c/2, j^, sWr) 
works. We will divide the proof of this claim into two cases. 

First case: P < P/2. We know that for some j we have \\pj\\ — P > 2R and 
for some j' we have < P/2. The "curve" ~~z has to move this distance in 

p-direction and back again. So because |||Pj|| — = — \\pj\\\ < \\ £ Pj\\ 

when > R, we get that L p > P. With the bound L q < 1/(AK) we see 
that this implies 

G,>£||- £p ,+bo(tfP(|| £ qj II + \\ £ qj + l ID) I 

3 

> J2\\e Pj \\ KP(\\s qj \\ + \\e qj+1 \\) >(P-^)>R, 
j 

which is a positive constant. 

The second case: P > P/2. In this case we can, because the flow is equivari- 
ant with respect to the R+ action on the set ||p|| > R, multiply our "piecewise 
flow curve" with 2R/P to obtain a piecewise flow curve on the compact set 
R < ||p|| < 2i?. This does not change any of the e q . 's, but it scales the e Pj 's so 
we can conclude that the original curve satisfies 

2R 

—pl-i p + L q > C. 

Because L q < c/2 this implies that L p > which implies by using the bound 
L q <C that 

G q > Ell^ll - ^(ll^'ll + K+J) > % ~ > \ 
j 

This is again a positive constant. 

So we have proved that there exists C > such that 

\\X\\>C 



on the non-compact set where P > 2R. 
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Because of equation we obtain 

|X-V|bi||| < ||X|| < C^WXf < C^X-VAr. 

So we can use as a cut-off function with sj > 2R and tj — sj > C~ x {b — a) 
(see lemma l2~5|) . 

Define fj(z) — dist(qj,qj + i). If fj < 2eq/3 we will, because of the as- 
sumption Ci/r < £o/3 in definition 14, 1\ get ||e gj || > £o/3. The way we defined 
X is such that at a point like this we have X ■ V/j = 0. So we can use fj as a 
cut-off function with any £ > tj > s j > 2£o/3. We now have enough cut-off 
functions to ensure that when using lemma [231 we get a compact index pair 
inside our open manifold. 

The fact that our pair contains the critical points of A r when H is perturbed 
follows from: as long as Ci/r is less that £o/3 we can only get critical points 
when fj < £o/3, and we get no critical points with pj > R because of the way 
we defined H on ||p|| > R, 

The last statement follows because any compact subset can be contained 
in an index pair constructed in this way, and changing the pseudo-gradient on 
the interior of an index pair will not change the homotopy index. □ 

Because all critical points of A r lie in the compact set P < R, the set of 
critical values must be compact. So the total index I(A r ,X) is well-defined. 
The lemma above tells us that changing the Hamiltonian within the proper 
bounds and conditions does not change the total index. So we define a specific 
Hamiltonian and calculate the total index. To do this we first need part of the 
following small lemma. 

Lemma 4.4. The set of lengths of geodesies in N is closed and with measure 
zero. 



Proof: For any c there is a compact manifold inside the space of curves con- 
taining all geodesies with energy less than c. On this manifold the energy is 
smooth, and has the geodesies as critical points, so by Sards theorem the en- 
ergy spectrum below c of geodesies is closed and with measure zero. But since 
c is arbitrary this is true for the entire spectrum. For geodesies the length is 
easily related to the energy. So we conclude that the length spectrum is closed 
and with measure zero. □ 

Define H (q,p) — h(\\p\\) where h(t) = ^t 2 when t < l ^ for some e > 
such that \p — e, /x] does not contain any geodesic lengths. 

We still need h(t) = fj,t + c outside a compact set, but we also want h to be 
convex so that all the 1-periodic orbits will lie in the set where h is quadratic. 
In fact we want h" to be a bump function constantly equal to /i on the set 
\\p\\ < tzz£ anc j zero on the set llpll > such that it integrates to /i. Notice 

that ^77^ < 2, so for this Hamiltonian we can choose R = 2. 

Proposition 4.5. There exists a constant C > such that for any Hamiltonian 
Hq described above we have that r > Cfi implies existence of index pairs and 



I(A r ,X) = Th(TA^JV), 
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where A^iV is the manifold of piecewise geodesic curves in N , each piece having 
length less than /Lt/r, 

Proof: We define A r N to be piecewise geodesies, each piece having length less 
than or equal to a/r. We then define an embedding 

i: A ( f~ £) N~> T*A r N, 
where the e and fi comes from the definition of H$ above and i is given by 

This is a section in the bundle T*A r N — > A r N restricted to E N. Because 
||^ _1 rexp~ 1 (g J+ i)|| < the point (i(q))j will lie in the set where h is 

quadratic. This means that the flow curve jj is easy to understand, and in 
fact we have chosen pj in such a way that qj +1 = Qj+i. This implies that on 
the image of i all e qj are 0. In fact, this is the unique point in the fiber over 
qj that flows to the fiber over qj+i. The image of this embedding contains all 
the critical points of A r , because it contains all the curves with \\pj\\ < [i — e 
and e qj = 0. 

We will use the fiber directions ( p directions) as a normal bundle. In fact 
because e q . — for all j, lemma B~2l tells us that \7 Pj A r = 0, and because this 
is the only point in the fiber that flows to a point over qj+i, this is the only 
critical point when restricting A r to the fiber. 

Claim: if ~q € A^ s N is fixed then the function A r (~q, j?) goes to — oo as 
|| p || goes to oo. 

This makes the point of the embedding the global maximum in the fiber. 

Proof of claim: the condition || p \\ — > oo is equivalent to \\pj\\ — > oo for 
some j. So we look at the terms in the definition of our finite reduction that 
involves pj : 

/(Pi)= / (\-Hdt)+p- +1 e qj+ . 

Assume that \\pj\\ > 2. The integration part was already calculated in the 
previous section and is — ^(||Pj||))/ r ; which is constant on the set 

||j>j|| > 2. Because dist^, qj+i) < (ji — e)/r and dist(gj, q7 + \) = H-/r, we are in 
the situation depicted in figure El Take the metric we have on N and multiply 
it with r//i, and take a normal chart around qj in this new metric. Then the 
circle in the picture is mapped to the unit circle. If the metric on the unit disc 
is "flat enough" then the paring p~e qj+1 will be negative, so by making fi/r 
smaller than some constant depending on the metric, we know that the second 
term is negative when pj > 2. However, multiplying pj with a constant larger 
than 1 scales this term by the same constant. So, A r goes to — oo if \\pj\\ goes 
to oo. 

On the image of the embedding the last term vanishes, and 

A r (i(t))=E / (^-^) = ^E r ii ex p 9 ?fe+i)ii 2 - 

3 lj j 
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9j q-j+i 



Figure 2: Position of points when the norm of pj is larger than 2. 



This is \i 1 times the energy functional 



evaluated on the piecewise geodesic q . This is positive and we conclude that 
if we look at the set defined by A r > — 1 intersected with one of the fibers, we 
get a bounded set diffeomorphic to a closed disc. This is true over every point 

m the compact set A r N , so the set 



is compact and has points in each fiber. 

We now change the pseudo-gradient X to another X' . We do this on a 
neighborhood of A - say the interior of the compact set 



Lemma 14.31 tells us that this does not change the homotopy index. We will 
only specify X' on A, because the choice of a pseudo-gradient is contractible, 
and so it is easy to extend and interpolate. As we noted before, the ~p part of 
the gradient of A r is non-zero except on the embedding, so we will use this as 
X' except in a small neighborhood of the embedding. On this set we will use 
the gradient of the energy functional, which we proved coincided with A r on 
the embedding. Since minus the gradient of the energy functional on piecewise 
geodesies defines a flow that flows in a direction in which the longest geodesic 
piece gets shorter or stays the same length, we know that the gradient of the 
energy will preserve ^ N. This implies that the pseudo-gradient X' will 
point into or be parallel to the boundary of A close to the embedding. So the 
points at which the flow of —X' exits A is precisely the points where A r = —1. 
In each fiber this is the boundary of the disc defined by A r > — 1. So if we 
define 




A = {tf,l?) I ~q G K" E) N,A r (i?,j})> 



1} 



A' = {(?,?) | ~q e A^/VN,A r tf, -0) < 



2}- 



B = {tf,?) | t G A l f e) N,A r (!?,J?) 



1}, 
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then (A, B) is an index pair for I(A r ,X'), and they are the appropriate disc 
and sphere bundles needed to prove the lemma. □ 

This proof can be slightly modified to prove that the homotopy index of 
this specific Hamiltonian with respect to an interval (a, b) (simply by using the 
same argument for the embedding restricted to an appropriate subspace) is 

I b a (A r ,X) = ThfTA^^'^JV) / ThiA^^'^N). 

Here the x i— > ^/2jlx is the conversion from p -1 times energy to length. This 
is needed because the critical value corresponding to a geodesic was calculated 
in the proof to be \i~ x times the energy. 

It seems that increasing r by 1 gives a Thorn suspension of the total homo- 
topy index. The next lemma proves this for any a, b and H. 

Lemma 4.6. Assume thatr > K (from lemma \4~lfy ■ The index I^(A r+ i, X r+ i) 
is the relative Thorn suspension of I^(A r , X r ) by the bundle 

Ev* qo TN, 

where Ev go : T*A r N — > N is the function defined by Ev qo (z) = qo- 

Note that the relative Thorn suspension of A/B with a bundle Q over A is 
defined to be D(/(S£ U Dis- 
proof: Previously we indexed the points in T*A r+ iN by j € Z r , but for the 
purpose of this lemma, we index them by 0,1, ... ,r in Z, and the points in 
T*A r N by 0, 1, . . . , r — 1. So we think of z r as the extra point, and define the 
projection 

7T : T* A T +\N — * T*A r N 

by forgetting z r . 

Recall the definition of A r+ i. we defined 7j as the flow curve Lp t (zj),t e 
[0, l/(r + l)], but we could just as well have defined jj = tpt(zj), t £ [0,tj] where 
J2j tj — 1 (and of course z~ = ip tj (zj)). There is no difficulty in incorporating 
this in all the proofs so far if we assume something like tj < 2/r for all j. 
Also because Yljtj — 1> tne critical points will still be the 1-periodic orbits, 
but they are dissected differently. The critical values of these orbits also stay 
the same. This modified construction is needed because we wish to define an 
alternate A r+ i by t 3 ■ — l/r for j ^ r and t r — 0. Effectively this means that 
Zq = z r . We can always change A r+ i back to the standard one by homotoping 
the tj's, and get the same homotopy index because we have good index pairs 
during the homotopy for any interval (a, b). 

Fixing all points zq, ■ . ■ , z r -i and q ri but taking two different values of p r , 
say p r i and p r 2, we get 

A r+1 (p rl ) - A r+ i(p r2 ) = {pri - Pri)e qo = {pri - Pri) exp^^go), (9) 

which implies that for all parameters except p r fixed and q r — qo, the function 
A r+ i is constant, and the gradient V ' qr A r+1 as a function of p r has a unique 
zero. We use this to define an embedding i r : T*A r N — > T*A r+ iN by putting 
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the new point q r = go and p r equal to this unique critical point. Checking the 
terms in A r+ i and A r we see that we have a commutative diagram 

T*A r N > T*A r+1 N 




R 



We defined i r such that on the image we have \7 qr A r+ i = 0, but from lemma l4~2l 
we see that also V Pr A r+ i = 0. Also, the embedding i r maps critical points 
bijectively to critical points. 

We would like to understand the Hessian with respect to variations of z r 
on the embedding. This would give an understanding of how A r behaves on a 
small normal bundle of the embedding. Equation J9J tells us that changing p r 
changes the gradient V qr A r +i by — p r , and the expression in lemma l4~2l tells 
us that by changing q r we approximately change V Pj by —q r , so in a normal 
chart and (q,p) splitting we approximately have the Hessian 

"0 -I' 

-I J ' 

which is similar to 

I 

o -i • 

So the negative eigenspace and positive eigenspace of this as a bundle over the 
embedding are both isomorphic to Ev* o TN . This is a very good indication 
that the lemma is correct, but formally we need to define an index pair and a 
pseudo-gradient showing this. These can be constructed in much the same way 
as we constructed the index pair and pseudo-gradient in the proof of the above 
proposition. This case, however, is a bit more technical, because in the other 
case we had only negative directions in the normal bundle, but the essential 
ideas are the same. □ 

We summarize the most important facts of this section in the following 
proposition. 

Proposition 4.7. There exist constants K' > and r<j > such that: if H is 
any Hamiltonian with the properties and bounds described in the beginning of 
this section and r > msx(K'(Ci + C^),/^) then 

I(A r ,X) = Th(TAJfiV). 

Proof: We will prove that the K' from lemma 14.21 also works as K 1 in this 
case. Let Ho be as in lemma l4~5t and choose ro > C from that lemma such that 
we can use the result. Also, choose ro large enough for us to use lemma 14751 on 
H . For this we need that ro > K'{C]j o + C|f ), but the bounds on H can be 
chosen to be C\j o — \i and C2 = C'fi, where C is a constant depending only on 
the metric. So this choice is also linear in fi as the lemma requires. We define 
Ht = (1 — t)Ho + tH, and then by the assumption on r we can use lemma [4751 
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on H t for any t (we can use convex combinations of the bounds on H and Hq 
as bounds on H t ). Thus if we chose a and b large enough to contain all the 
critical points of A* for all t £ I, then by lemma l2~4l we see that the total index 
is defined for all t and is constant as a function of t. □ 



5 Generalized Finite Reductions 

In this section we introduce a more general family of finite reductions to the 
action integral. 

Let (M, dM) be a compact manifold with smooth boundary and with M C 
A/', where (M',lo) is an open symplectic manifold with dX = u). Let g be a 
Riemannian structure on M' compatible with u>. We will work with a family 
of Hamiltonians H$ : M' — ► M, < <5 < 5' which satisfy: 

HI) There exist a neighborhood U of dM such that the Hamiltonian flow ip s t 
of Hs preserves U and is independent of 5. 

H2) There is a constant C\ which bounds ||V-Ha|| for all S, and the critical 
value associated to any 1-periodic orbit of Hs is contained in the interval 

H3) There is a constant C 2 s.t. HV 2 ^!! < C 2 5~ x . 

Remark 5.1. This is somewhat technical. However, an important example to 
keep in mind of such a family is: for a closed manifold N with a riemannian 
structure and some /i > not a geodesic length and 5 > small we define 

H s : T^N ->R, 

where T^N = {(q,p) e T*N | ||p|| < e x } and H{q,p) = h(\\p\\). We want 
h(0) = h'(0) = 0, and we want h" to be a positive function with upper bound 
2/i<5~ 1 and support in [0,5], such that hi is constantly equal to /x on [6, £i]. 
Because any tangent to h intersects the y-axis above —fiS and below the 
critical value of any 1-periodic orbit must lie in [0,S[i [ (see remark \3A} . So 
H2 is fulfilled. For small 5 we see that the flow is independent of S on the set 
||p|| > £i/2 and preserves it. Furthermore there are no 1 periodic orbits on 
this set so HI is fulfilled. H3 is a simple calculation in the induced Riemannian 
structure on T*N and is thus true in any Riemannian structure. 

We want to define finite reductions of the action integral and prove existence 
of good index pairs for appropriate 5s. The finite dimensional approximation 
of curves we will use in this section is 

A ri/3 M = {~t g M r | e(-?) < (3}, 

where e( z ) = e ff ( z ) = - dist 9 (zj, Zj+i) 2 is the energy of the closed piece- 
wise geodesic curve connecting the Zj 's in cyclic order each piece parametrized 
by an interval of length 1/r. 

Definition 5.2. For any symplectic bundle £ —> M denote by £(£) — > M the 
fiber bundle with fiber £(£),„ the Grassmannian of Lagrangian subspaces of 
£ m . If £ has a compatible inner product and the manifold has a Riemannian 



22 



structure, we induce a Riemannian structue on £(£): each fiber is a Grassman- 
nian of Lagrangian subspaces of a vector space with a metric, which means it 
has an induced Riemannian structure. We define the orthogonal complement 
to the fiber by parallel transport of the Lagrangian subspaces, and use the 
metric on M to define the inner product on this complement. The energy of a 
curve 7 on this Riemannian manifold will by abuse of notation also be denoted 
e( 7 ). 

Our definition of the finite reduction will depend on a section Sc in the 
bundle 

A£(TM) -> AM. (10) 

Such a section may not exist so we now restrict to the case where it does. This 
section should have some bounds defined by a constant Cc > 0: assume that 
7 S G AM, s G (—e,e) is a family of curves with energy less than j3 such that 
^e(7 s ) exists. We need Sc to fulfil 

e(5 £ ( 7 o)) < C c 

sup||^(&( 7 .))(t)|.=o|| < C £ Bup||^( 7 .)(i)|.=o||. (11) 

Note that the order in which we choose the data needed is: we first fix [5 then 
we choose a section Sc with such bounds depending on some Cc • So we must 
make sure that when we choose (3 it is independent of Cc ■ 

Remark 5.3. In the case M = T* % N we have a canonical section in 

AC{T{T* ei N)) -► AT* N, 

given by the vertical directions (the p-directions). This is the loop of a smooth 
section in £(T(T g * N)) -> T e *jV. So for any f3 it fulfils the bounds in (fTTjl. 

Given a Lagrangian subspace L C T Z M we define the wedge map 

v L : T Z M -> M 

by decomposing u G T Z M as u = ul + u l ± (L 1 - = JL) and then exponentiating 
ml to a point in M say z' . Now parallel transport u L ± to z' using the exponen- 
tial curve and exponentiate that to get z" (see figure [3|). We define vl(u) = z". 




= v L {u) 



Figure 3: The wedge map. 

This is a diffeomorphism at u = 0, so by compactness of M there is an e > 
such that: for any z, z" G T* N with dist(z,z") < e and L a Lagrangian in 
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T Z M there is a unique u S T Z M close to with Vl{u) = z" . In this case, we 
define the L- curve j L (z, z" , L) by the curve starting at z", going to z' by the 
exponential curve, and then continuing to z by the other exponential curve. 
We will later discuss parametrization. Notice that although z and z" are in 
M C M' we allow this L-curve to exit and reenter M. 

We will use these L-curves to define our finite reductions. Figure H] illus- 
trates many aspects of the definition. 




Zj+l 



Figure 4: Curves involved in definition of finite reduction. 



Definition 5.4. For any z £ A r ^M let Sc{z) be the section evaluated at 
the piecewise geodesic connecting the Zj's in cyclic order. For large r we define 

7i(*) = ^O,0. t€[0,l/r] 
z j =7i-i(lA) 
Ij =l L {Zj,zj \S c {~z){i/r)) 

and 

A r (t) = Ar^s^t) = £( / {\-H 5 dt)+( A). 
We will also need 

e Xj = exp~l(zj) 

3 

e Vj = -exp"^^-) 

i 

where is the point on 7^ where the two geodesies meet. Finally we define 
an energy type functional 

3 

Notice that by using parallel transport it makes sence to write Sj w e Xj +£ Vj 
for small £j. 

We will prove existence of good pairs using the gradient of A r and not a 
pseudo- gradient, and E will be used as a cut-off function. We have defined 
E such that it is zero if and only if the curves jj fits together to a 1-periodic 
orbit. Indeed E can be thought of as a finite version of the energy relative to 
the Hamiltonian flow: 

m= I ii7'(*)-*h(7(*))ii 2 ^ 

Js 1 
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In the case where M = T* N, Sc = Sco and the metric g is induced from 
a metric on N, we compare this to definition 14,11 the curve 7^ will be the 
curve first going in direction exp - . 1 (<£,), parallel transporting pj , and after 

reaching the fiber over qj it continues in a straight line in the fiber down to 
Pj. Integrating this over A, one gets the term p~e qj . So this is indeed a 
generalization albeit only on a subset. 

Remark 5.5. The function A r can be approximated by A r w Ah ° i r where i r 
is an embedding 

i r : A rJ3 M -> AM. 

We define i r as the curve depicted in figure 0] with parametrization on the 
flow curves jj as defined, but the L-curves are parametrized on a much shorter 
interval - say [0, s], where s is very small. Because s is very small we get almost 
no contribution from the integrating of the Hdt term over the L-curve and we 
approximately get the expression for A r . This can be made more rigorous 
s.t. the homotopy indecies defined by such embeddings is the same as the one 
defined by A r . This is, however, not needed but just a nice way to think about 
these functions, when relating them to Floer homology. 

Lemma 5.6. There exists a constant K > independent! of (3 and C'c (from 
equation (fTTjl ) and a constant 80 > such that: if < 5 < So and r > KS~ X 
then 

^z E = (e Xj+1 - e X] ,ey ]+1 -£ V] ) + — bo(||ej|| + ||£ i+ i||) 

and 

V Z] A r = {e yj7 -e Xj+1 ) + bo(INI + H £ j+iII) + 

where 



Proof: We start by looking at V Zj A r . If we move the curve z in some direction 
with unit speed all the Lagrangians Lk = Sc{ z )(fc/r) C T Zk M changes with 
the points. We can ask how this movement is different from parallel transport 
at each point Zk. Because of the second bound in equation ifTTj) we see that 
the rate of change of this difference is less than Cc- In figured] we see that the 




Figure 5: The change of symplectic area for small 9. 

change in symplectic area for small 8 is bounded by 

sin(f?)(|| £2; J 2 + || £y J 2 ) <20|| £j || 2 . 
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So the rate of change of A r is less than 

2C C |N| 2 

when moving the Lagrangian Lk with speed Cc- So the contribution to the 
gradient of A r from this has norm bounded by 

2C C E 

So the error in assuming that the change of Lk is given by parallel transport 
is no more than this. This is the error term denoted by Tj(z) in the lemma. 

So when calculating V ' Zj A r we can now assume that all the other La- 
grangians Lk,k ^ j are constant and Lj moves as parallel transport with 
respect to zj. 

We need a bound on E: 



< + 2dist(z„ z 3+1 f) < 2 ^l±2l 



Because M is compact, we can choose ball shaped Darboux charts h for 
all points z such that h(z) = 0, and assume that they have a radius bounded 
from below by some small positive number. This is not a continuous family 
of charts, but just a choice for all points with this common bound. We can 
pick r large enough such that the points Zj—t, zj, Zj , zj +1 and Zj+i all lie 
inside the chart centered at Zj . By composing the chart at Zj with a symplectic 
linear map we may assume that the differential D Zj h is an isometry. We can, 
by further composing with an element of U(n), assume that the Lagrangian 
Lj = h*Lj C T R 2n is equal to the imaginary part iR n of R 2n ~ C™. 

We now replace A r with the function 



f(zj)= (X a -Hdt)+ X + (X -Hdt)+ A , 

J-yj-i Jij J-yj Jfj+i 

where we think of the points and curves as lying in R 2n and A = J2j Vj^ x j ls 
the standard 1-form in R 2n . We assume that the metric is induced by the chart 
and the metric on M, so it is appriori not the standard one. The gradient of / 
at Zj = is now the gradient V Zj A r which we wish to calculate. 

As in the proof of lemma 221 we now replace / with /', which is / but de- 
pendend on the independent coordinates Zj = (xj,yj) and zj +l = {xj +11 yj +l ). 
Equation (j4]) used on the cotangent bundle T*R™ = R 2 ™ calculates the gradient 
of the integral along 7j (in the standard metric) to be 



-(/ X o -Hdt) = (0,0,yT +1 ,0). (12) 



First focus on the first two factors, because they are zero this is the gradient 
in any metric. 
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If the metric were flat, then e Xj and e Vj would both be linear and parallel 
to M. n and iW 1 respectively, and we would get 

V*, , Vj / A = V Zj u {e Xj , e Vj ) = (e w , 0) . 

If the distance ||ej|| = dist(z~, zj) is very small this will approximate the linear 
case. So we get 

Vxi, Vi f A = (e % ,0) + bo(c||e 3 || 2 ) 
for some c > 0. For large r we have c||£j|| < jq, and thus 
Vx ilW / A = (e % ,0) + bo(^|| £j ||) 

To calculate the other part of the gradient we linear translate the coordinate 
such that zj +1 = 0. This changes the gradient of the individual integration 
parts, but not the overall gradient of / at the point z~ +1 . Eventhough the 
metric at for this new chart is not the standard metric it is C\jr close to it, 
and so by similar arguments we see that for large r we get 

V z - / A = (0,e x , +1 ) + bo(35||e j+ i||). 

In these coordinates we also see that for the standard metric we have 

V - (/ Xo-Hdt) = (- %+ i, 0,0,0). (13) 

Again we use this to conclude that in our metric because the two last factors 
are also zero. Thus the actual gradient of / as a function of Zj is 

V,,/ = (e Vj ,0) - * r (0,^ +1 ) +bo(i(2|| £j || + ||<|||| £j+1 ||)) 

where is the differential D Zj ip s 1 ^ r . By increasing r this will be close to the 
identity in our coordinates. This is where we choose K, because if we change 
H, we also need to make r larger for to be close to the identity, and it is not 
difficult to prove that r > KS^ 1 is good enough for some K depending only 
on the metric g and Ci (from H3). So by making $f close to the identity and 
using that ||£a; J+1 || < Ikj+iH we get the wanted expression. All other bounds 
on r has not depended on 5, and can now be taken care of by decreasing <5o- 
The gradient \7 Zj E is calculated similarly. □ 

Corollary 5.7. Let K > be as in the previous lemma then there exists a 
Sq > such that: if < S < So and r > KS" 1 then 

\\VE\\ 2 <5E< 10||VA r || 2 < 20E. 



Equalities only if E = 0. 
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This corollary has a very interesting implication: the critical points of A r 
are the 1-periodic orbits regardless of the metric and Sc- We will, however, 
later see that in the case of a non-degenerate critical point, the Morse index 
will depend on Sc- In fact, the Morse index will turn out to be the Maslov 
index measuered with respect to Sc plus nr. 

Proof: For any e > we can for large r (i.e. small So) assume 

(l-e)IN| 2 <(II^H 2 + l|e w l| 2 )<(l + e)l|eil| 2 . 
With Xj = {e Xj+1 - e Xj ,e yj+1 - e Vj ) we see that 

||V^|| 2 <^(ll^l| 2 + ^ll^ll(ll^ll + lki + i||)< 

3 

< (1 + e)AE + g < BE. 
With Xj = (e Vj , —£xi + i) we see that 

l|V^ r || 2 <^||X J -|| 2 + i||^||(|| £j .|| + ||e J - +1 ||) = 
j 

< (1 + e)E + ^^E < 2E. 

and 

||VA r || 2 >^||X 3 || 2 -^||X 3 ||(|| £ ,|| + || £ , +1 ||) = 

3 

> (1 - e)E - ^^E > f. 

□ 

We will also need cut-off functions keeping the zj's away from the boundary 
of M. So we define 

Q(z) = - dist(z, dM), z G M. 

This is not smooth on all of M, However, we only need it to be smooth near 
the boundary. Because M is compact we can find r > such that Q is smooth 
on the colar 

B T = {z G M | Q(z) > -r}. 

By possibly making t smaller we may also assume that B T C U, where U is 
the set on which Hg has no 1-periodic orbits and is independent of S. We then 
define the functions Qj(z) = Q(zj). The next lemma ensures that we can use 
these as cut-off functions. 

Lemma 5.8. Let K be as in lemma HOI There exists k > and Sq > such 
that: If < S < Sq and r > KS^ 1 , then for any z G A^M with Zj G B T we 
have 

\VA r ■ VQj\ < Vr~k\\VA r \\ 2 . 
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Proof: We see that ||VQj|| = ||V Zj Qj|| = 1 when Zj £ B T . If we have a lower 
bound of the type 

IIVA-II > 4' ( 14 ) 

on the same set then 

\VA r ■ VQj-l < ||VA.|| < y/rc-^VArf. 

So we need such a bound. If we pick Sq smaller than the above corollary 
needs then 2||VA r || 2 > E. So a lower bound on E of the type c/r will do the 
trick. This follows if we show that s = X^ ll e jll > V^- 

Define the function L H : AM -> R by 



£fi(7)= / II-/ - 
J 1 



This is zero if and only if 7 is a 1-periodic orbit of the Hamiltonian flow. We 
can approximate s by using Lh in the following way: let 7 be the closed curve 
which is the flow curve tp t _j/ r (zj) when t £ [7/r, (J + 1 — l/k)/r] and when 
t € [(j + 1 — l/k)/r, (j + l)/r] it is the geodesic connecting f {i-x Ik) I r{ z j) an d 
Zj + \. As fc tends to infinity iff (7) tends to s. So all we need is a lower bound 
on Lh- 

This is obtained by relating it to a more well-known functional. Let 72(0 = 
ip s _ t ("/(t)). We now divide into two cases. First case: if 72 is a curve in U then 



L H (7) > C / ||D 7(t )<pi t (7 , (t) - X 7(t) )||* = C7 / ||y a (i)||dt > c 
Jo Jo 

where C < ||Z? z ^f|| for all z £ U, which is independent of 5 by assumption 
HI. The last inequality is because HI implies that C dist(72(0), 72(1)) > c also 
independent of 5. If 72 is not totally contained in U then the above inequality 
only works on the pieces of 72 that is contained in U, but then we see that 72 
has to exit U and reenter. So integrating over the part of 72 which is in U we 
get the bound L H (j) > C(dist(7 2 (0), M - U) + dist(M - U, 72(1))) > c. □ 



Proposition 5.9. There exists constants K >> 0,(3 >> such that: for any 
section Sc in the bundle in (flO|) satisfying the bounds (fTTj) there exists a So > 
so that the following holds. 

For any < 5 < Sq and r £ [K5~ , 2i£'(5~ 1 ] we /iaue a (700c? indea; pair for 
the total index of A r : K r> pM — > K, anrf /or aZZ small C 1 -perturbations of H , 
the good index pair will contain all of A r 's critical points. 

Proof: We will use the formula in lemma [275l to create good index pairs using E 
and the functions Qj as cut-off functions. We need these functions to seperate 
the pair we construct from the boundary of A r ^M. That is, we want a good 
index pair in the interior of K r ,pM . 

First Choose K as large as needed in corollary 15.71 Then choose (3 = 
32G\K + 2C\ and So > as small as the corollary needs for this K, (3 and C'c- 
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The corollary tells us that that VA r ■ VE < \/lOVA r ■ VA r , and that E = 
for critical points. 

The assumption H2 tells us that the critical values of A r is bounded in 
the interval (—SCi,5Ci). So we choose —a = b = SCi, such that the total 
index of A r is the same as I^(A r ). We will use E as a cut-off function with 
< s and t — s >= \/T0(6 — a). This means we can choose tj less than 
4(6 - a) = 8Sd < l&CxK/r. Knowing that E < l&CxK/r will provide a 
bound on the standard energy: 

e(~z) = r^dist(z J; z J+1 ) 2 < r ^(2dist(z,-, zjf + ^) < 

3 3 

< 2rE + 2C\ < 32dK + 2Cf < /3. 

We now see that using E as a cut-off function will keep the pair seperated from 
the part of the boundary of h. r ,pM given by e(~z) — (3. 

To keep us away from the boundary of A r ^M with Zj £ dM we use the 
functions Qj from the previous lemma. We define Sj — 2r/3 and tj = r/3, 
Looking at lemma [231 again, we see that we need 

VAj • VQj < ^IIVA,!! 2 = ^HVA.11 2 . 

This is easily achived for small S > using the previous lemma and the fact 
that > r/(2K). 

The last statement in the lemma follows from the fact that E is continuously 
dependent on H G C 1 (M',R) and for critical points we know E = 0. So for 
a small enough C 1 pertubation we can assume that the newly formed critical 
points of A r are close to the old ones. □ 



6 Stabilization of Generalized Finite Reductions 

Let (M, dM) C M' and Hf,S > fulfil HI through H3 from the previous 
section. Define P — M x (D 2fc ,a;o) and P' — M' x K 2fc for some k and lu the 
standard symplectic form on R 2k . Also define Hs: P' — > K by Hs(zi,z 2 ) = 
H s M { Zl ) + H D (z 2 ), where 

H D (z 2 ) = \\Z2\\ 2 - 

The Hamiltonian flow for Hp is circular around with revolution time 2ir, but 
we only flow for a time period of 1, so the only orbit is 0, and this orbit has 
action 0. So the 1-periodic orbits for Hs are the 1-periodic orbits for Hg 1 on 
the first factor and constantly equal to on the second factor, and the critical 
value of these orbits are the same as on M' . We conclude that (P, dP), P' and 
Hg also fulfil HI through H3 from the previous section. The only difference is 
that P have co-dimension 2 boundary components, and in the previous section 
we assumed the boundary of M to be smooth. 

For us to define finite reductions as in the previous section we still require 
a section 

S c : A(Af x D 2k ) -> A£(TM x (i? 2i > )) 
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with the same type of bounds ifTTj) as before on curves with energy less than 
0. We also require a compatible metric g on the space P' . However, in this 
section we assume that the metric is the product of a compatible metric with 
the standard metric on E 2fe . The corresponding finite version of the loop space 
A r>i a(M x D 2k ) will consist of curves denoted by z — (zijjzjj). So that Z\ 
consists of points in M and z~2 in D 2k . 

Definition 6.1. A section Sc is said to be of product type if it factors through 

AM and A(£(TM) x C{k)), 
where C{k) is the Grassmannian of Lagrangian subspaces in R 2k . 

Factoring through the first of the two spaces is equivalent to the section 
not depending on the second (contractible) factor AD 2k . Factoring through 
the second space is equivalent to all Lagrangians defined by the section split as 
direct sums of two Lagrangians, one in each factor. On the level of fibers this 
corresponds to the section being in the subset defined by (A£(n)) x (AC(kj) C 
A£(n + k). 

For the rest of this section, Sc will be of product type and A r will be the 
finite reduction defined as in the previous section on A r>| gP. In this case A r 
splits into two factors 

A r {zt,zZ) = Af (Sj)+4?(zJ,^) 

where Af 1 is the function defined in the previous section on A rji gM by restrict- 
ing our section to the first factor, and A®{z\, —) is the finite reduction on D 2k 
defined by the the Hamiltonian Hu and the constant section: the restriction 
of Sc(zi) to the second factor. 



This gives us 



Zl r TT 1 v Z\ J A r 



(15) 



It would be nicer if we did not have the second term in the first line, and 
looking at the proof of lemma HTBj one sees that this is part of the error term, 
so some how it should not be relevant r (z). We will in fact show that 

x = x l e x 2 = v^Af e VjjAf , 



is a pseudo-gradient and as in proposition 15.91 we have good index pairs. This 
is made more precise and more general in the following technical lemma, which 
is a small generalization of proposition 15.91 to this product case. 



Lemma 6.2. There exists constants K » 0,/3 >> such that: for any 
section Sc in the bundle in (fT0|) satisfying the bounds (fTTj) there exists a So > 
so that the following holds. 

For any < 8 < S , r € [KS^ 1 , 2K8^ 1 }, < s < 1 and < t < 1 we have 
a good index pair for the total index I{A r , X) of A r : A r ^M — > M., where 

x = (sVA? + tv Ti A°) e VrAr 
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Proof: First we notice that the energy splits 

E{?) = Et{-?) + E 2 {~z), 
where Ei(~z ) — E(zi,0) and E 2 (z) = £?({*}, z 2 ). So the gradient of E is 

X7E = V£iffiV£ 2 . 

Because of the bounds in equation (fTTj) . taking a variation of it in a unit 
direction will not change the angles of the Lagrangians on the second factor by 
more than Cc- This changes A® by no more than CcE 2 . Indeed, this is the 
same argument as in the proof of lemma 15.61 and is explained in figure [H So 
the norm of the gradient Vj^A® is less than CcE 2 . Using this, equation lfl5|) 
and corollary 15.71 on both E\,A^ and E 2 , A^ (zi , — ) we get 

X ■ VE <( S ||V^f || + illV^lDHVBill + \\VrAr lll|VS 2 || 
<{sy/2E^ + tCcE 2 )^E^+y/2E^y/bE 2 ' 
< 4(sE 1 +tC c E 2V r E~ 1 +E 2 ) 



and 



X ■ VA r > isV n AM + tv ri A?) ■ (yrAr + ^rA?) + W^rA?\\ 2 

> sE x /2 - (t + s)AWj2C c E 2 - t{C c E 2 f + E 2 /2. 



(16) 



By making So smaller we make r larger and this makes E = E\ + E 2 smaller. 
So for small So we can assume 

X -VE < 5(sEi + E 2 ) < 20X ■ VA r . 

This proves that X is a pseudo-gradient, because at non-critical points we have 
Ex + E 2 > 0. It also proves that we can use E as a cut-off function in the same 
way we did in the proof of proposition 15.91 

Similarly, we define functions Qf 1 to be the distance of z\ to the boundary 
dM, and so by using lemma l5T8l on A 1 ^ 1 and Qf 1 we get on the set Qj(z) > — r 
that 

X • VQf < sVrAr 1 ■ VQf + tC c E 2 \\VQf\\ 

< sV^kWVrAf II 2 + 2tC c E 2 c 

< AFk(X ■ VA r ). 



To get the last inequality we may have to further increase r. 



Similarly we define the function Q f to be the distance of z 2 to the boundary 



of D and use lemma 15.81 to get 

X ■ VQf < ^kX ■ V-Af 

Now we have enough cut-off functions to get a compact pair in the interior 
of A r ^(N x D 2k ), just as in the proof of proposition 15.91 □ 
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Remark 6.3. Because V UZ2 Hd = uV Z2 Hd, we see that flow curves for the 
Hamiltonian flow of Hjj is preserved under scaling. So if 7 is a flow curve 
then wy is a flow curve. This means that the curve over which we integrate 
Ao scales proportionally with Z2, so the integral of the canonical 1-form scales 
quadratically. Furthermore, is quadratic. So we conclude 

A?(zl,uzZ) ^u 2 A^{T u T 2 )- (17) 

Because this is a smooth function it must be equal to its Hessian at 0. So 
A®(z[, —) is in fact a quadratic form in Z2. 

If the critical point were degenerate it would not be an isolated critical 
point. So it is in fact non-degenerate. 

Definition 6.4. We define £ — > A r ^M to be the vector bundle with fiber at 
~zi the negative eigenspaces for the quadratic form A^(zi, — ). 

Lemma 6.5. Assume that K, (3, Sq, S and r satisfy the conditions in the previ- 
ous lemma. Then the total homotopy index of A r is the relative Thorn suspen- 
sion of £ of the homotopy index of A^ 1 . 

Note that the relative Thorn suspension of A/B of a bundle £ over A is 
defined to be D(/(S( U D( ]B ). 

Proof: First choose an index pair (A, B) for A^ 1 , with a = —C\8 and b = C\8 
(cf H2 in the previous section) . We will extend this to an index pair for A r . Let 
.Ei be the negative/positive eigenbundle of A^(zi, — ). It is easy to construct 
index pairs very close to zero for a non-degenerate quadratic form on D 2kr , so 
we do this fiber-wise 

A^t = D £ EZ> x D e E±> 
B^ = S £ EZ> x D £ E+ . 

Since e(A) £ [0, (3) and A is compact we have e(A) e [0,/3 — c], so we can find 
an e > such that A^{ is contained in A r ^(N x D 2k ) for all zt € A. Similarly 
we can assume for small e > that A r on these sets assumes only values in 
(-2Ci5,2Ci5). Define 

A' = (J ^ 

zteA 

B' = ({J A ri )U(\J B r J 

zteB zteA 

for such an e. 

Claim: We can find < s < 1 and put t = in the previous lemma such 
that (A r ,X) has this as an index pair. II and 12 from the definition of index 
pair have been taken care of. 13 is because critical points of A r are of the 
form (ii,0), where zi is a critical point for A^ 1 . To get 14 we use s, because 
s controls the speed of the flow on the first factor. For s very small, any point 
in B' will on the second factor flow entirely out of A ri| g(M x D 2k ) before the 
quadratic form A r (zt, — ) changes too much. Because B 1 is compact we can 
choose s such that this is true for all b € B' . 
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The quotient A'/B' is the wanted homotopy index. However, the statement 
in the lemma is for any t and s, but this follows because the previous lemma 
makes sure that the homotopy index is independent of s and t. □ 

For us to use this lemma we would like to be able to compute the isomor- 
phism class of the negative eigenbundle, and the next lemma helps us do just 
that. 

Lemma 6.6. Let B®(z\, —) be the quadratic form defined like A®(zi, —), but 
with the Hamiltonian Hjj = 0. Let (b — * A^M be the bundle with fiber the 
negative eigen bundle ofB^i^t,— ) then 

C = Cs©K 2fc . 

Note that B® is degenerate in each fiber, because in the fiber over zi, the 
quadratic form B^{z\,—) is a finite reduction, which has the 2k dimensional 
subspace consisting of the constant curves as degenerate points (the 1-periodic 
orbits) . We did not use this Hamiltonian in the definition of our finite reduc- 
tion because we wanted index pairs, but the negative eigenbundle is easier to 
calculate for the quadratic form B® . 

Proof: We define a continuous family ^4 s (zi , — ) of quadratic forms on A r ^D 2k 
by finite dimensional reduction: we use the Hamiltonians H s = s||z2|| 2 and the 
last factor of the section Sx(ii). Then B®(zi, — ) = A°(zt , — ) and A®(zi, — ) = 
J 4 1 (^i, — ). The argument in remark RO proves that these are quadratic forms. 
So from now on we consider only their Hessians defined as quadratic forms 
on R 2nr . Since the Hamiltonian flow for H s has the trivial 1-periodic orbit 
for < s < 2ir, these are non-degenerate. So they have isomorphic negative 
eigenbundles, but we need to see what happens at s = 0. The critical points 
of A° are precisely the constant curves, so the Hessian is degenerate, and the 
kernel as a bundle over A ri pT*N is the trivial bundle of dimension 2k. We 
prove the lemma by proving that for a small perturbation of s = in posi- 
tive direction, this kernel becomes part of the negative eigenspace. This is a 
point-wise calculation, so assume z\ is fixed. 

Denote by E_,Eo and E + the negative, zero and positive eigenspace of 
^4°. It is enough to prove that the first order change in s at s = of A s r is 
negative definite on the kernel E . Indeed, if so we can restrict A® to the sphere 
of Eq © E- and what we see is a non-positive function on a closed manifold, 
which is then perturbed to the first order to be negative on the set where it is 
zero. This will imply that the function is in fact going to be negative on the 
entire sphere for very small s, and thus A s r is negative definite on E £L for 
small s > 0. 

So to prove this negativity on Eq, we look at A s r on Eq for s close to zero. 
The kernel Eq is the set of constant curves, so we assume that zj — Zj+i for 
all j € 7L r . We need to take a look at the precise definition of 




For s — all of this is zero (on Eq) because jj and 7^ are constant, and H s is 
zero. We want to prove that the dominating term when perturbing to positive 
s is —H s , which is negative. 
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Because any time independent Hamiltonian is constant on its flow curves, 
we can rewrite this as 

A - H 3 (z ). 

E i (7i+7^) 

The curves are the 1/r time flow curves of H s , so they have lengths of order 
||Vi? s ||/r which is of order s||zo||/f, and since zj = Zj+i, and 7^ connects 
the endpoint of jj with Zj+i, the same is true for 7^. This means that the 
integral, which is the symplectic area enclosed by the closed curve obtained 
by concatenating 7^ and jj, is of order (s||zo||/V) 2 . We have r of these terms 
summed, but this is still of order (s||2:o||) 2 /r. The term H s (zq) is equal to 
s||zo|| 2 , so this is the dominating term in s and the lemma follows. □ 



7 The Maslov Bundle and Index of Finite Reductions 

Let j: L — > T*N be a Lagrangian embedding. We will define the Maslov 
bundle relative to this embedding. It is a generalization of the Maslov index 
related to curves of Lagrangian subspaces in R 2 ™ (see e.g. [7]). In fact the 
bundle is a canonical virtual vector bundle over AL, such that the dimension 
of this bundle on each component is precisely the Maslov index. 

The projection T*N — > N will be denoted ir. For any point q € L the 
tangent space T q L is mapped by j* to a Lagrangian subspace of Tj^(T*N), 
and by abuse of notation we define 

U : L -> C(T(T*N)), 

where C(T(T* N)) is defined in definition 15.21 A stabilization of this map with 
a vector bundle £ — > N will be denoted by j* £ and is defined by 

(j* © 0(9) = j*(T g L) © (tt*C) C T j{q) (T*N) 8 (tt*C) © (tt*C)*, 

which is also Lagrangian (in the obvious symplectic structure). 

If C is the normal bundle of TV for some embedding ijy : N — ► R n , we get a 
canonical symplectic trivialization 

T{T*N)®(n*C)®(TT*C)* — > T*7V x (R 2 ",w ). 

This is defined by using the Riemannian metric induced from %n to split the 
tangent space o{T*N at z into T n ^N ®T*, Z ~,N ', then mapping V z = T n ^N® 
Cit(z) isomorphically to W 1 by the obvious map, and mapping V* — T*,-.N © 
C(z)' by the inverse of the dual to this map, to iR n . If we compose this 
trivialization with © £ we get a map from L to C(n) (the Grassmannian 
of Lagrangian subspaces in R 2n ), and since all embeddings are isotopic for n 
sufficiently large, we have a map unique up to homotopy 

J* : L — > £(n). 
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If we stabilize this map to get a map to C(2n), then we can homotope it to 
be a map into C{n) x C(n) C C(2n) which is constant on the first factor. 
This means that if we further stabilize this map by the tangent space of T*N 
and choose to trivialize this copy of T*N with its normal bundle, we have 
a different interpretation of the map J*: For any point I € L we have two 
different Lagrangian subspaces of Ti(T*N), the tangent space of L and the 
horizontal part of T(T*N). So we have two different sections in the bundle 
C{T(T*N))\ L . If we stabilize both sections with W L C K 2 " to make them 
bundles of Lagrangian subspaces in a higher dimensional symplectic bundle 
over L, we can - if n is large enough - homotope their "difference" through 
Lagrangian subspaces to the R 2n component. It is this difference that J* 
measures. 

Because lim„^ oc £(n) = C ~ U/O ~ f2 6 (see e.g. [7] for the first ho- 
motopy equivalence and [8J for the last) is an -ff-space we have a homotopy 
equivalence 

Ev XTrn : AC C x fLC, (18) 

where Evo is evaluation at the base point, and 7rn is homotopic to point-wise 
multiplication with the homotopy inverse of Evo- 

Definition 7.1. The Maslov bundle r\ is the virtual bundle defined by the map 

AL -^-^ AC(n) ► AC nC — =-> Z x BO. 

The latter equivalence comes from Bott periodicity (see e.g. [8]). The Z 
corresponds to the dimension of the virtual bundle or 7Ti(£), the latter being 
one of the many definitions of the Maslov index (see [7]). 

We want to use this to calculate the type of homotopy indices defined in 
the previous section. To do this we need to put the loop of J* on a standard 
form. 

For any V+ C R", V- C E n and V C R n pairwise orthogonal and V+ ® 
V- V = W 1 C C", we define the curve l {v+ y^y ) G toC(n) by 

7(v +1 v_,v )(*) = e**V + 8 e-***V- 8 V G C(n), 

for t £ [0, 1]. The space of such curves will be denoted Q s C(n) (s for standard 
form). Over this space we have the three canonical bundles V+, V- and Vo. 

Lemma 7.2. Any map f:K—> AC, where K is of compact homotopy type, 
can be homotoped to factor through 

£(m) x n s C(n 2 ) C A£(m + n 2 ) -»■ A£ 

/or large enough n\ andri2- Furthermore, the virtual bundle defined by the map 
f over K by composing it with ttq is the pullback of V+ — V- . 

Proof: The map factors through C(m) x QC(n) because the map in equation 
lfT8|) is a homotopy equivalence and because K is of compact homotopy type. 
So we can consider a map /' to QC(n) and show that it factors through O s £(n) 
for large n. We may have to stabilize by a number of Oi n 's, where 

i n : C(n) —>■ C(n + 1) 



36 



is the standard stabilization which gives the limit L. 

This part of the proof is standard Morse theory as in the proof of Bott 
periodicity (see e.g. [8]): multiplication with e~' i7r */ 2 on the curves in C{n) 
gives a homeomorphism of QC(n) = ft(C(n), R n , R") to ft(£(n), R n , iR n ). We 
now think of /' as mapping into this space. In [5] part IV paragraph 24 
the space of minimal geodesies for this space is computed to be (with some 
interpretation into the current context) 

n TO (n) = n m (£(n), R n ,iR n ) = { 7 | j(t) = e l7Tt/2 W © e~ M/2 W^, W C R"}. 

The embedding of this space into fl(C(n), R™, iR ra ) has high connectivity on 
the components where dim(M^) and dim(W / - L ) are both high. 
To get high connectivity we stabilize /' by 

7 (i) = e OTt/2 R © e^* /2 R C M 4 . 

That is, we compose with the map 

©7 : nC(n, 1", iW") -> Q£(n + 2, R™+ 2 , iW l+2 ) 

given by direct sum with 7. If we do this k times, we can homotope the map 
(© 7 ) ofe o /' to factor through tt m (n + 2k). 

Going back with the homeomorphism to Q£(ri) we see that the stabilization 
we did corresponds to having stabilized with 

e l7rt/2 7 (<) = e l7Tt R © R 

k times. We have argued that we can homotope the map after such a stabi- 
lization to the following subspace 

e™ t/2 n m = {7 I 7 (t) = e M W © W^}, 

so by further stabilizing with 

l2 {t) = ( e —*R)© fc , 

one has in total stabilized / with something homotopic to a standard stabi- 
lization, because it is easy to get the two "twistings" to cancel out. We have 
now homotoped the map /, stabilized in the standard way, to a map into 
n s (C(n + 3k)). 

The last statement in the lemma follows from the fact that these highly 
connected inclusions of Grassmannians into flC ~ Z x BO used in the proof, 
are the standard way of identifying the stable bundle with the difference of two 
actual bundles. □ 

What we in fact proved was that the map is homotopic to a map factoring 
through Q s C(n2), where V_ is the trivial bundle of dimension k. This is equiv- 
alent to the fact that any stable bundle over a compact space can be written 
as the difference between a bundle and a trivial bundle. 

If we want to use this together with lemmas l6~5l and l6~6l we need to calculate 
negative bundles for the quadratic form whenever Sc is of product type 
and on standard form on the factor AD 2k . 
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Lemma 7.3. Assume that r is odd and large enough. For any point 7 in 
X = C(n\) x VL s L{ri2) C A£(ni + 712) we have an associated real quadratic 
form : C^" 1+n2 ^ r — > R defined by the Hessian of the finite reduction for 
Hd = described in lemma Iff.fil The negative eigenbundle over X of this 
quadratic form is isomorphic to 

R ( ni +n 2 )(r-2)+ ni y + y±^ 

where V± = V+ © Vq . 

We use the notation V^r to emphasize that it is a complement bundle to V- , 
making the bundle in the lemma isomorphic to V+ — V- plus a trivial bundle 
of dimension (m + n<i)(r — 1). 

Note that even though these quadratic forms have kernels, there is indeed 
a negative eigenbundle, because the kernel is the same for all the forms and 
thus defines a trivial bundle. 

Proof: Given any 7 £ X we will describe a choice of subspace on which B~J 
is negative, and argue that it has maximal dimension. It will be obvious that 
this choice is continuously dependent on 7, and we will argue that as a bundle 
over X it is indeed isomorphic to the one claimed in the lemma. 

Because 7(f) = L © 71 (i) with L C C™ 1 and 71 (t) C C" 2 we see that B^l 
splits as a sum of Bff : C nir -> R and B^ 1 : C" 2r -> R. 

For now we restrict our attention to B^ . Note that for any quadratic form 
x 1 Ax, the set of critical points is precisely the kernel of A. We wish to define 
real vector spaces £L, Eq and E+ on which B^ is negative, zero (to the second 
order) and positive respectively. Because E- © Eq © i?+ will be all of C™ ir we 
conclude that dim(£L) is maximal. 

Let p — e %2lx l r be the standard r'th root of unity. Use this to define the 
real vector spaces E m by 

E m = {(b P mj ) jeZr |kc"'}cr r , 

for any m £ Z r . The action of U(ni) preserves E m and ® m E m — C nir . It 
is convinient to think of these spaces as the finite version of the splitting of 
I? (S 1 , C™ 1 ) into subspaces E^ = {be m27Tit meZ,te R/Z, b e C" 1 }. 

Let M_ be the subset of Z r containing the classes [1], [2], . . ., [(r — l)/2], 
and M + = -M_. These are disjoint and Z r = M_ U M+ U {0}. Use this to 
define 

E_ = E m 

m£M_ 

We have already defined E as the constant curves, which we know to be 

critical points of B^, because for r large enough the only critical points of 

B^ are the 1-periodic orbits. One may extend the analogy to the splitting of 

L 2 (S' 1 , C™ 1 ) = AC" 1 , by considering the actual action integral on this space for 

j 2 

H = 0. Indeed, the action integral splits orthogonally on the splitting E^ into 
eigen spaces with eigen values —2itm. So this finite version can be thought of 
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as analagous to the spaces E^ for — (r — l)/2 < to < (r — l)/2, and indeed 
the rest of the proof will reflect this analogy. 

Since H = we get no flow and the first term in the definition of the finite 
dimensional reduction vanishes (see the definition of the finite approximations 
in section [5]). So is in fact just a calculation of the symplectic area for the 
concatenation of the L-curves connecting Zj to Zj+i defined by L. The action of 
U(ni) just rotates the curves and preserves the symplectic area and the spaces 
E m , so we can assume that L = iW 11 . This means that B^ splits as a sum 
At + A2 ■ ■ ■ + A ni , where Ak only depends on the fc'th complex coordinate of 
the Zj's. We now look at one Ak at a time. In fact we assume for the time 
being that n\ = 1, so that we do not have to redefine E m . This means that 
symplectic volume is now minus the normal area in C. 

We will need the following facts about the spaces E m , which because of the 
assumption n\ = 1 are subspaces of C. For (zj)j e j, r G E m and (wj)j^z r G E m i 
we have 

( z j+i)jei r <= E m 

(zj)jez r G E- m 
Rfi(zj)j 6Zr G E m 8 E- m 
Im(zj)j£ Zr € E m 8 J5- m 
(^j • Wj)j<z% r e E m+m i. 

and if to 7^ 

£*;=<>. 

i 

Notice that the second to last fact makes sense only because we have n\ = 1. 
Any vector z = {zj)jez r G -E- can be written as 

with a m € C. Since L — iR, the L-curves are parallel to the real axis on the 
first geodesic piece and parallel to the imaginary axis on the second. So we 
have 

3 

where Zj — Xj + iyj. Rewriting this we get: 

AB^{~z) = 2^2((y j+1 + Vj){x j+1 - Xj) - (y j+1 - Vj){x j+1 - x 3 )) 
3 

= J2^ y i+ 1 + ~ x i) ~ Im (( z J+i " z j) 2 )) ( 19 ) 

3 

= 2 (yj+i + Vi){ x 3+i - x j)- 
3 

The last equality holds because of the facts stated for the spaces E m and 
because we restricted z to E-, so that no term involving E occurs in the 
expression. 
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This splitting of the sum into two terms has a geometric interpretation: 
Take the area enclosed by the curve defined by just connecting the points Zj 
by straight lines, but then subtract the area defined by the triangles that are 
defined by the L-curves and this straight line. So what we just argued was that 
the areas of the triangles cancel each other out (on E_ ) . Using our expression 
for z we also see that all terms involving products of terms with different 
values of m cancel out. This actually means that restricted to E_ splits 
orthogonally on the subspaces E m , m € M_. All we need now is to calculate 

on each of the E m 's, but here the geometrical interpretation tells us that 
the area is simply 

2£ r L ((a m p" y ) jeZ J = -^||a m || 2 sin(2^™/r) = -r||a m || 2 sin(2^m/r), 

3 

which is negative because m € M_. 

The same arguments show that B% is positive on E + , but be warned: The 
spaces E m is not an orthogonal splitting of B^ . This is because E_ and E + 
are not orthogonal, since canceling the terms really used the assumptions on 
M- and M+. 

If n\ is not 1 it is easy to see that the E m 's are just direct sums of the EL/s 
and thus see that a E_ is a maximal negative subspace for B^ . 

We now turn our attention to A = E^ 1 . It is easy to see that because of 
the form of 71 , we can again split A into a sum of 

A+: (C <g> V+Y — > K 
A : (C ® VqY -» K 
A_: (C ® VL) r — > E, 

where (C <g> V+) 8 (C <g> V ) ® (C ® V-) = C" 2 since V+ 8 V ® V- = I" 2 . 

In the case of A we see that this is very similar to the previous case of E, L . 
In fact, using an isometry Vq = R k , we see that A is actually the same as B^ . 
So a choice of maximal negative subspace for A is 

£° = 

meM_ 

^™ = {(&p mj W I &eC®Vb}. 

Similarly, we take an isometry V+ ~ M™. We now split this as a sum and 
assume again that n = 1, and find a maximal negative subspace. 

Recall the geometric interpretation of splitting B^ into two terms in equa- 
tion (fl9| . We see that the difference between having L constantly equal to iM. 
and having the Lagrangian curve t 1— > e i7r *, is only that the triangles, whose 
areas we have to subtract, are different. The area of the triangle defined by 
zj + i and Zj and some Lagrangian L is given by 

4area = Im(it 2 (zj + i — Zj) ), 

where w -1 is a unit vector in C with real span L. This means that the expression 
for A + is 

4A + ( ~z) = ^2(2(y j+1 + yj)(x j+ x - Xj) - Im(/3 _J (z j+ i - z^) 2 )), 
3 
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and this time the last sum does not sum to zero, and there is no symmetry 
between the previously defined positive and negative spaces. This is because 
multiplication by p~i takes us from E m to E m _\. 

We first prove that the spaces E m are in fact orthogonal with respect to 
the bilinear form defined by the first part of the sum - that is, define: 

Q{~z ) = ^2(y 3 +i + Vj)(xj+i - xj) 

3 

q(zt, %) = Q(zt + Z2)- Q{zt) - Q(z%)- 

By once again using the properties of the spaces E m , we immediately see that 
E m is orthogonal to E m > if m 7^ ±m' , so all we need to consider is z~i = a m p m: > 
and Z2 = a- m p~ m i and prove that q(z\ , i^) = 0. By expanding the expression 
for Q(zi + Z2) and comparing with Q(z2) + <5(ii), we are left with two terms 
that are symmetric in changing the sign of m. Call these Ti and T%. We reduce 
one of these terms by 

Ti = 1 J2{ a ™P mJ (P m + X ) " ^P~ mj (P~ m + 1)) ' 
3 

(a_ m p- m i{p- m - l) + a^p mj {p m - 1)), 
and by using the properties we get 

Ti = ^(a m a_ m (p m + l)(p- m - l)-5^(p- m + l)(p m - 1)) 
= r - lm(a m a- m (p m + l)(p- m - 1)) = T - Im(a m a_ m (p- m - p m )). 

Since T2 was the same but with — m and m interchanged we see that 

Ti + T 2 = 0. 

Now we look at what happens on the previously positive subspace - that is, 
assume that z € E + . The first part of the sum is the same as before. Looking 
at the last part we see that when summing we only get a contribution from the 
Eq part of p~^{zj + \ — Zj) 2 . This means that we only get a contribution from 
the E\ = £7_( r _i) part of (zj+i — Zj) 2 . Since {zj+i — Zj) is in E + , we only 
get a contribution from the E_( r _ 1 y 2 part of it. Define mi = [(r + l)/2] = 
[-(r - l)/2] e Z r . From all this we get 

2A+(-t) = (- Y, r|| am || 2 sin(27rm/r)) - r Im((a mi (p mi - l)) 2 ) 

meM + 

for ~~z € E + . For r large enough we will have p mi approximately —1, so we get 
2Ah(-?)m(- Y r\\a m \\ 2 sm(2irm/r)^ - 4r Im((a mi ) 2 ) . 

m£M + 

Denote by Q C E + the one-dimensional subspace where lm(a 2 ni ) = \\a mi \\ 2 
and a m = 0, m ^ mi. Also denote by Q' c S + the (r— 2)-dimensional subspace 
given by Im^a^ ) = — ||a! mi || 2 . We now have Q ® Q 1 — E + , and because the 
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positive term coming from the sum is much smaller numerically than the "new" 
term on Q, we see that A + is negative on Q and positive on Q 1 . 

The kernel of A + is the set of constant curves because it is still a finite 
approximation for Hu = 0. 

Now assume that ~~z is in the space E_ © Q. Because the E m 's were orthog- 
onal with respect to the first part of the expression we get the same first term. 
We also notice that the second part of the sum is again non- vanishing only 
when dealing with products from E_( r _iy 2 , so in fact we get a very similar 
expression: 

2A H (-?)w(- r\\a m \\ 2 sm(2irm/r)^ - 4r Im((a mi ) 2 ) . 

m£M_U{mi} 

Again, because of the assumption that ||a mi || 2 = Im(o! 2 rei ), we see that this is 
negative. There is one positive term in the sum, but this as before is smaller 
numerically than the "new" negative term. 
This leads us to define: 

& = ( 

m£M_ 

E+ = {(bp m *) j( =z r \beC®V + } 

Q+ = {(bp m ^) jeZr | b e C ® V+, \\b\\ 2 = Im(6 2 )}. 

From the above arguments it is clear that E± is a maximal negative subspace 
for A + . Note that Q + is canonically isomorphic to V+. 
We also define: 

E - = { E~)@Q- 

m£M_-{mi} 

E-={(bp m i) jeZr |6eC®y_} 

Q~ = {(6p (mi - 1)j ') jeZr | be C®y_,||fe|| 2 = -Im(6 2 )}. 

A similar calculation shows us that EZ is a maximal negative subspace for 
A-. Note that as before Q~ is isomorphic to V-, but in this case it is more 
important that EZ V- is canonically isomorphic to 



meM- 

which leads us to introduce the notation EZ = (ffim6M_-B m ) 6 V-. 
Putting all this together we see that 

W = E- Q) EZ ® E°_ ® EZ = ( W m ) ®V+eV- 

meM- 

W m = {b P mj I fee C™ 1+ ™ 2 } 



is a choice of maximal negative subspace. 



□ 
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8 The Viterbo Transfer as a Map of Spectra 

Let L and N be closed smooth n-manifolds and let j: L — > T*N be an exact 
Lagrange embedding, i.e. the canonical one form A at on T*N is pulled back to 
and exact 1-form by j. In this section we construct the Viterbo transfer (see 
[TO] ) as a map of spectra 

(Aj)i : AN~ TN — > AL~ TL+n , 

where rj is the Maslov bundle defined in definition 17. 1[ and AN~ TN is notation 
for the Thom-spectrum defined by a complement bundle to TN — Evq TN. 
The construction is similar to that of Viterbo, but the lemmas in the previous 
sections make it much easier to control and understand the actual Thom spaces, 
and thus get the map as a spectrum map. 

Start by giving both TV and L Riemannian metrics. The Darboux-Weinstein 
Theorem tells us (see e.g. [7]) that for a small E\ > 0, we can symplectically 
extend j to a map j : T£ El L — > T*N. To distinguish between coordinates in 
T*N and T*L, we denote them by (qn,Pn) and {(Jl^Pl) respectively. It is very 
important for the construction that exactness of the embedding implies that 
PNdqN —phdqL = A^v — \l defined on T£ ei L is exact. It is closed but not exact 
for a non-exact Lagrange embedding. This implies that the two action integrals 
L Aat — Hdt and J Xl — Hdt are equal on closed curves in T 2 * ei L. This means 
that if we have a Hamiltonian on T* N, which restricted to our neighborhood of 
L depends only on ||pl||, then we can use the method in remark l3TT1 to calculate 
the action integral on closed 1-periodic orbits. In the following definition it is 
important to keep this method in mind. 

First we define H near L. Here we define the Hamiltonian in terms of the 
coordinates {qL,Ph)- In fact on the set T* ± L we want it to as in remark [57X1 So 
we want it to be a function of \\pl\\, convex and linear with slope /iL outside 
some small (^-neighborhood of the zero section. As before, we assume that [1l 
is not the length of any geodesic in L.. On the rest of T^ ei L we want it to 
be concave and "level off" to be a constant c near the boundary (see figure 
[6]). We want this leveling off to happen so fast that any 1-periodic orbit in 
T^ El L — T* L has action below —S^j-l- By using lemma 1474} this can be done 
if S is small enough, as seen in figure [6j where // L < is the maximum of 




Figure 6: Definition of H. 
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geodesic lengths less than \xl- It is clear that the larger is, the larger c 
becomes. 

Outside T 2 * ei L, we define H to be the constant c on T^N- T^ £l L for a fixed 
R > 0, such that the embedding of T| ei L is inside T^N. Outside T^N, we 
define it to be a function of ||pjv||i convex and linear outside some R' > R with 
slope hn. Again we want the action of the 1-periodic orbits coming from this 
part to be less than — <5/i_l- So the larger c is, the larger we can choose /in (see 
figure [6| . 

We want to pick all the parameters such that we can use the results in all 
of the preceding sections, but first we concentrate on section [4j and assume 
that T*N has the induced metric. Notice that C\ = max(fc^i, \xn) works as 
the bound on the gradient of H. The k is needed because we used the induced 
metric from L to define H near L and this bound is in the metric induced from 
TV. Similarly we can for small 5 assume that i5 _1 times some constant is the 
upper bound C2 on the covariant Hessian of H. For small 5 we can further 
assume that G% > C\. So using proposition 14. 7} we conclude that there exist a 
K > and S > such that: If < S < 5 and r > KS" 1 then 



where X is the pseudo-gradient defined in the section. 

Because of the way we defined H, we see that the natural quotient map, 
defined in the end of section El gives a map from the total index to the index 
Is = I^g^(A r ,X). Recall that the action of H restricted to T* ± L has all of 
its critical values in this interval, and all other critical values are below —SfiL. 

Proposition 15.91 tells us that by possibly making K larger and choosing a 
(3 and then making 5q smaller, we get a good index pair for the index Is on 
the subset A^T^L, provided r e [KS^ 1 ,2KS^ 1 ] and < S < S . For this to 
make sense, we recall that X in section [4] was defined to be the gradient of A r 
when maxj||£ 9;; || were small, so we may assume that X is the gradient of A r on 
the subset A^T^L, which was the assumption in section [5l Furthermore, a 
good pair defined inside a subset is also a good pair on the entire set, provided 
that it contains all the critical points, and we already accounted for that. 

We have two metrics on T* L: One from T*N, which we will denote gN, 
and one induced from L, which we will denote g^- We also have two canonical 
sections in the bundle in equation (fTO)! (with N replaced by L), which come 
from taking the vertical directions with respect to T*N and T*L. We denote 
these and respectively. This data produces two finite reductions 



The next proposition relates the two homotopy indices. 

Proposition 8.1. Assume that r is odd and large enough. The total index of 
A\. which we denoted Is, is stably equivalent to 



I(A r ,X) = Th(TA% N N), 




= A 9 r N ' Sc :A^T £ *L^M 
= A 9 r L ' s £ : A^T E *L -> E. 



Th((TA^L)©7?), 



where rj is the Maslov bundle defined in definition \7.1[ 
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Proof: First we argue that the homotopy index does not depend on the metric: 
use the convex change to get a smooth family gt of metrics relating one with the 
other. Make sure that K > and (3 > are large enough for proposition 15.91 
to work for all metrics g t . Then fix <5 such that the lemma works for this K, 
(3 and all metrics g t . We now have good pairs for all t, but it is a problem 
that the spaces A^gT^L depend on t. However, this can be resolved locally: 
Given any t £ [0, 1] we want to argue that the homotopy index is constant in 
a small neighborhood of t even though the manifold changes. This is because 
the boundary of the manifold is given by a continuous function on a bigger 
manifold, so by going to a slightly smaller manifold still containing our good 
index pair, we can use lemma [231 

Let sn and sl be the sections in the bundle 

£(T(T* 

given by the vertical foliations from of T*N and T*L respectively. Then = 
Asn and Sfc = Asj,. 

Redefine A\ as the finite approximation defined by but using the metric 
induced from L. As we just argued, this does not change the index. 

We stabilize the section S£ to the section of product type (see definition ^. ip 

Sc,k = Sc © 

and get a new finite dimensional approximation from section[6l Lemma l631 tells 
us that since we chose this section to be independent of the point in A Tt pT£ 1 L 
on the second factor, this new approximation has as its total index the m-fold 
suspension of Is for some m. 

If we chose k large enough we can as in the beginning of section [7] homotope 
the difference of Sn and sl into C(k) - that is, we can homotope Sn through 
sections in LT(T* x L x D 2k ) -> T^L x D 2k to 

sl ffi </* , 

where sl and J* do not depend on the point in D 2k . So when looping this we 
get a section of product type. 

Because we can assume that this homotopy is smooth, by looping it we 
get a homotopy of sections in the bundle lflO|) with the bounds in equation 
(fTTj) . However, we need lemma 17731 to identify the negative eigenbundle of the 
quadratic form given the finite approximations defined by stabilizing sl with 
J*. For this we need to homotope A J* to the subset of curves in lemma 17731 
and this can be done by lemma 17.21 if k was chosen large enough. The catch 
is that we need this homotopy to fulfill the bounds in equation (flT)) . If we do 
not have these bounds, we cannot argue that the homotopy index is constant 
during the homotopy, because we do not know if good index pairs exist. The 
map, we are homotoping AJ* to, is not the loop of a map. So we must argue 
in some other way that this can be done within the bounds. Indeed, there 
exists a deformation retraction f t , t S [0, 1] of the set of curves with energy less 
than (3 onto a finite dimensional compact manifold satisfying a bound like the 
second one in (fTT]) 3 . The homotopy ft ° A J* fulfills the bounds, because A J* 



3 just pick an s such that /9/Vs is smaller than the injective radius and contract onto 
piecewise geodesies 
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does and ft fulfills the last of them, and maps the set with energy less than {3 
to itself. The image of /i is a compact manifold, so homotoping AJ* only on 
this subspace into the set we need it to lie in, will ensure the needed bounds 
for the composition. 

This homotopy is a compact family of sections, so there is a S > small 
enough to make proposition 15.91 and lemma 16.21 work for all of them simulta- 
neously. So we use lemma 16.51 to conclude that the index Is is the relative 
Thom suspension of the total index of A\ by the negative eigenbundle of the 
quadratic form added. We then use lemma [B~6l and lemma [731 to conclude that 
this bundle is a trivial bundle of dimension m plus the Maslov bundle. □ 

Corollary 8.2. The index quotient map to Is induces a map of spectra 

(A^ N N)- TN -> (A^ L L)~ TL ® V , 

where A^X is the loop space of curves with lengths less than in the Rieman- 
nian metric on X . 

Proof: First we note that the space 

Th(TA^ N A0 

can by parallel transport along the curve be identified with 

Here we switch notation for Thom bundles, because the name of the base space 
is not included in the bundle name. This identification makes sense in light of 
lemma 14.61 

Let ip — > A be any bundle over A where (A, B) is an index pair defining the 
total index of A r : T*A r N — * R. Then any quotient map /: A/B — > A/B' has 
a relative Thom suspension using ip defined by 

Dt/>/(Ihl>\B U Stl>) -> Lhl>/{Dfl>\ B , U Sip). 

If A/B is already a Thom space of some bundle tp' — ► Y, then the left hand side 
is the Thom space of ip' © ip\Y ~ * Similarly for the right hand side. So using 
lemma 14.61 but adding on top of the index quotient a copy of a complement to 
the bundle Ev* TN, we do a standard suspension of the indices instead of the 
Thom suspension by the bundle. So the new quotient map obtained is just the 
suspension of the old one. This, however, looks a bit confusing considering the 
previous lemma: When increasing r by 2 we Thom suspended the index Is by 
the bundle 2Ev* TL, but we just added two times a complement to Ev* o TN, 
so why should this be a suspension? This can be explained by the fact that 
since T^L is embedded into T*N, they have isomorphic tangent bundles and 
two copies of TL is thus isomorphic to two copies of the pullback of TN. 

Since the previous lemma worked only for r odd we see that removing two 
copies of Ev* TN and two copies of Ev* TL on each side of the map 



Th(TA^ N N) -> Th{TA? L L® rf) 
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cannot fully convert all the tangent spaces to suspensions on both sides si- 
multaneously, so we choose the convention of removing an extra on each side, 
making both sides into spaces representing the wanted spectra. □ 

As noted earlier, the larger is, the larger we can choose fijsr, which is a 
good indication that these maps glue together into something non-trivial. 

Theorem 1 . The Viterbo transfer can be realized as a map of spectra 
(Aj),: (AN)- TN -> {KL)- TL+r > 

Proof: The map is the same as the Viterbo transfer because the construction 
is the same. The difference is that in our construction we actually calculate 
the homotopy type of Ig (not the same name as in [10]) and add appropriate 
bundles to both sides. 

We need to argue that the maps from the previous corollary are compatible 
with inclusions when increasing either fiL or /ijv. Since we already proved that 
the quotients induce the maps, we only need to prove that they are compatible 
with inclusions. 

First we establish two facts about the inclusion maps for Hamiltonians with 
two different slopes Hi < \i% not geodesies lengths. For the Hamiltonian Hi in 
figure [7] we can use lemma 14.7} lemma 14.51 and the note right after the proof 




Figure 7: The Hamiltonian Hi. 



of lemma [4~5l to conclude that the inclusion of homotopy indices /" 1 (A r , X) 
into the total index induces the Thorn suspension of the inclusions defined by 
including curves with length less than fii into the set of curves with length less 
than fi2. 

For the approximation associated to the Hamiltonian H 2 in figure [8] we 
have a natural quotient map from the total index to I^$(A r , X). We will 
show that this is homotopic to the inclusion as above. In the case of H' 2 we 
can, by making the part with slope \ii long enough, assume that the new bend 
has its associated critical points above The inclusion of I^ s {A r , X) into 
the total index is the same as the previous inclusion. Now by shortening the 
linear part with slope fii, and then letting the bends cancel out, we remove 
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Associated critical values in [a, — ^S] 




Figure 8: Hamiltonians H 2 and H' 2 . 



the critical points with critical value less than —[iio. If we think of this in 
terms of Morse theory and CW-complexes, we see that the new cells glued on 
in the inclusion effectively kill of the subcomplex I~ ll2S (A r , X), so collapsing 
this subcomplex is homotopic to the inclusion. This argument can be made 
precise by doing a small perturbation of A r to make it Morse. So the two maps 
are indeed homotopic. 

Now look at the problem of increasing /i^. This can be done by a homotopy 
that simply multiplies the part of H close to L by at € R increasing in t where 
ao = 1 and ai is the ratio between the new and the old hl- Outside T£ e L 
we simply translate H upwards so we do not change the slope /Ltjv- During 
this process we move the critical points, and when a t ^L is a geodesic length 
we create new critical points. We create two critical points per geodesic with 
this length: One down by the bottom bend very close to the zero section of 
L, and one up in the concave part of if. At their creation they have the same 
critical value, which is larger than all the other critical values. We assume 




Figure 9: Lowering /ijv- 

that our bounds for the index pair are chosen such that this is within Is. One 
of these new critical values stays above zero, but the other (from the concave 
part) moves below zero and through — /iL<$, effectively collapsing this part of 
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the homotopy index, but as we saw, this collapse induces the inclusion. 

The case of changing /ijy is much easier, because by looking at the Hamil- 
tonian on figure [9l taking the quotient from the total index to Is is the compo- 
sition of two quotients where one is the inclusion and the other is the quotient 
for the larger /ijy- □ 
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